7 RARRDEEZKRDHZTOY I A
with Mathematical4d .0

LTOF0J540E [Gal = Fyy, D) ICUDTIELTOE R A.
BRESETHANREEZA [Gal = Fay, D7) OARALARINLENENSTY . LHL,
Fy1, Cr (CEXMIGLETOVSLICTBICIE [FindF12G12] 20 LEXBEFTT.
T073 L0253 [Examples.nb] HEDIT71 I EZELZEW,

il ]~ ClearAll["" %"] (xF35[t|(DClosed cell OHTY, FHELTIESL. x)

(x f1,F2,81,8, ERDBTOIILEF2RDZTOI5 L. GaloisBEESgallCA>TNET . )
findF12G12[f_] := Module[{f35, factors, posi, pos2, f12, d,R1,R2, fi2factors,u,v,fp,fm,gl,g2,¢
Clear[al,a2,a3,a4,a5,a6,a7];

f35 = F35 /. AssociationThread[{al, a2, a3, a4, a5, a6, a7} - ReverseeCoefficientList[f, x,

factors = FactorList[f35];

numbers= Table[Length@Position[Exponent[factors[All, 1], x], 7k],{k,1,5}1;
$ga1=Switch[numbers,{0,0,0,0,1},"Ga1=57/A7", {1,0,0,1,0},"Gal=F¢",{0,1,1,0,0},"Gal=F4,",
{2,0,1,0,0},"Gal=F5",{3,1,0,0,0},"Gal=D;", {5,0,0,0,0} ,"Gal=C,", _,"BAMITHYXHEA"]; (+GaloisE¥(
(*gal=F,,,D,DEEDFH, ETZEEIT. ZNUUNIT Abort[]193. *)
If[numbers--{0,1,1,0,0} | | numbers--{3,1,0,0,0},

posl = Position[Exponent[factors[All, 1], x], 14][1, 1];

f12 = factors[posi] [1];

d = SqrteDiscriminant[f12, x];

fl12factors= FactorList[f12, Extension - d];

pos2 = Flatten@Position[Exponent[fl2factors[All, 1], x], 7];

{$f1,$f2} = (Expand [#/Coefficient [#, x, 7]] &) /@fl2factors[pos2] [All, 1];

u=- (t1+t2) /14+ (t1-t2) / (2Sqrt[-7]) ;

v=- (t1+t2) /14- (t1-t2) / (2Sqrt[-7]) ;
fp= ($f1/. {x->u}) + ($f2/. {x-V}) ;
fm=Sqrt[-7] (($f1/.{x->u}) - ($f2/.{x->Vv}));
gl=GroebnerBasis[{f/.{x~ (t1+t2)/7},fp,fm}, {t1}, {t2}][1];
$g1l-If[Coefficient[gl,t1,7]=!=0,Expand[#/Coefficient[#,t1,7]]1&[g1]/.{tl-Xx},
Rl=Resultant[f/.{x- (t1+t2) /7},fp/.{u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant [f/.{x- (t1+t2) /7},fm/. {u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
PolynomialGCD [R1,R2,Extension-Automatic];
gcdl=PolynomialGCD [R1,R2,Extension-Automatic];
Expand[gcdl/Coefficient [gcdl,t1,7]]/.{t1l-x}];
g2=GroebnerBasis[{f/.{x~ (t1+t2)/7},fp,fm}, {t2}, {t1}][1];
$g2-If[Coefficient[g2,t2,7]=!=0,Expand[#/Coefficient[#,t2,7]1&[g2]/.{t2-Xx},
R1=Resultant[f/.{x- (t1+t2) /7},fp/.{u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant [f/.{x- (t1+t2) /7},fm/. {u>- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
gcd2=PolynomialGCD[R1,R2,Extension-»Automatic];
Expand[gcd2/Coefficient [gcd2,t2,7]]/.{t2-x}];
If[$gl===x"7, {$f1,$f2,$g1,$g2} ={$f2,$f1,$g2,$g1}1;
Return[ {$f1,$f2,$g81,%$82} 1],
Print[$gal] ;Abort[]]]
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In[+ ]:=

In[« ]:=

In[« ]:=

(»F3%RKHBTOTI L. $F1,$2BERDT, findF12G12H0'BEICRITENTVWBEENHE+)
findF3[f_] := Module[{R1, R2, gcd3},
R1 = Resultant[f, $f1 /. {x > (t-Xx) / 2}, x];

R2 = Resultant[f, $f2 /. {x > (-t -Xx) /2}, x];

gcd3 = PolynomialGCD[R1, R2, Extension - Automatic];

$f3 = (Expand[# / Coefficient[#, t, 7]] &[gcd3]) /. {t = x}]

(* ri7,r7,r, ZRETEIRFEN, biZcilCERSErs’,rs’,re’ ZELTE3IRFGTEN )
b3 b4 ) ( b32 b4a? b33 b5 b4 b5%> b3 bs b6) b3\ 7
+b7) X+ | = X+( ) 8

- - +

R[{b3_,b4 ,b5 ,b6 ,b7 }]:=x+ (
9604 38416 1372 1372

14

(* riB*5r, ZR$HB+)

findr2[r1_, {b3_,b4_,b5_,b6 ,b7_}]:=-2(rl)~2x

[ r‘1"7(5488 b3 b4? -1372 b3? b5 +19208 b5 b6 )+b:

r'1"7(—196 b3%-10976 b4® +2744 b3 b

(+smonic BIRFEADBEEFBICRRRAASTIE (REANAFTERORFEIHEL) I THI+)
solveCube[f_]:=Modu1e[{delta,g,u,v,p,q,power},

delta=Coefficient[f,x,2]/3;

g=Expand [f/ . {x-»>x-delta}];

{9,p}=CoefficientList[g,x,2];

{u,v}={ (-q/2+Sqrt[q*2/4+p~3/27]1)~(1/3), (-q/2-Sqrt [q*2/4+p~3/27])~(1/3) };
$w=Cos[2/3Pi]+I Sin[2/3Pi];

power=Quiet [PositionSmallest [Abs[N[-p/3,30]-N[u v $w"{0,1,2},30]]] [1]-1];
v=vx$w” power;

{usv,u $w+v $0?,u $wi+v $w}-delta]
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(*b3¢0$t—_'; [b3=07J".)b4¢0] a)tg, P1~P6EERU)6*)
b3NE@[{a2_,a3 ,a4 ,a5_ ,a6_,a7_},{b3_,b4 ,b5 ,b6_ ,b7_},{c3_,c4_,c5 ,c6_,c7_},{dp2_,dp3_,dp4_,
Module[{soll,5012,powerl,power2,$§,$mat1,$mat2,$mat3,r1,r2,r3,r4,r5,r6,$r1,$r2,$r3,$r4,$r5,$r€

(*Partl ri~reDE{LlEZKHS.Precision=20+)
soll=solveCube[R[ {b3,b4,b5,b6,b7}]1];
rl=sol11]~(1/7);
$ri=N[r1,20];
$r2=findr2[$ri, {b3,b4,b5,b6,b7}1];
$r4=-b3/ (14 $ri $r2);

1 1
detl=-—b6-—b3"2;
7 49
1 21 7 1 1 49 98 1 3 343
{k1,k2,k3,k4}={—7a2,———b3+——dp3——dm3—14a3,——c4———b4+——(dp4+dm4)———a4,7 e5+—c5-—b5-——
14 4 4 21 42 12 3 7 14

mat={{$r1,$r2,$ra}, {$r4"2, $rir2, $r2~2 },{$rd $r2~2, $r1 $ra"2, $r2 $ri 2}, ($r2°4,%$r4"4,%$ri"
If[ (xdet1#0MDEE+) det1z0,

$matl=$mat2=$mat3=mat[{1,2,3}];

$matl[All, 1] =$mat2[All, 2] =$mat3[All,3]={k1,k2,k3};
{$r6,%$r5,%$r3}={Det [$matl] ,Det [$mat2] ,Det [$mat3]}/detl,
(xdet1=0DEE, ZDEEdet3+0x)

1 2 3
det3=—b4°-——D>b3 b5;
49 196

k4=k4/.{e5-Coefficient [findF3 [x"7+{a2,a3,a4,a5,a6,a7}.x"{5,4,3,2,1,0}],x,2]};
$matl=$mat2=$mat3=mat[{1,3,4}];

$mat1[All, 1] =$mat2[All, 2] =$mat3[All,3]={k1,k3,k4};
{$r6,$r5,$r3}={Det[$mat1],Det[$mat2],Det[$mat3]}/det3];(*end of Ifx)

(xPart2 EEERETRT )
posR2=PositionSmallest [Abs [N[$r2”~7-s0l1[{2,3}],20]1] [1]+1;
posR4=PositionSmallest [Abs [N[$r4"7-sol1[[{2,3}],20]1] [1]+1;
{R2,R4}=s0l1[{posR2,posR4}];
{r2,ra}={R2,R4}~(1/7) ;
$&=N[Cos[2Pi/7]+I Sin[2Pi/7],20];
powerl={PositionSmallest [Abs[N[r2,20] $£~{0,1,2,3,4,5,6}-$r2]][1],PositionSmallest[Abs[N[r4,
Clear[Z];
{r2,r4}={r2,r4} " powerl;
sol2=solveCube[R[{c3,c4,c5,c6,c7}]];
posR3=PositionSmallest [Abs [$r3~7-s012]][1];
posR5=PositionSmallest [Abs [$r5~7-s012]][1];
posR6=PositionSmallest [Abs [$r67~7-s012]][1];
{R3,R5,R6}=s012[ {posR3,posR5,posR6}] ;
{r3,r5,r6}={R3,R5,R6}" (1/7) ;
power2={PositionSmallest [Abs[N[r3,20] $£~{0,1,2,3,4,5,6}-$r3]][1],PositionSmallest[Abs[N[r5,.
{r3,r5,r6}={r3,r5,r6} & power2;
Return[{ri,r2,r3,r4,r5,r6}]

]
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In[+ ]:=

(% [b3=01"Dbs=0,b;#0] DEZE, ri~reZRHF)
b3b4EQO[ {a2_,a3 ,a4_,a5 ,a6_,a7_},{b3_,b4_,b5 ,b6_,b7_},{c3_,c4_,c5_,c6_,c7_},{dp2_,dp3_,dp4
Module[{rl,rZ,rB,r4,r5,r6,det2,e5,k1,k2,k4,$mat1,$mat2,$mat4},

(*WEBY, EEE)
r2=r4=0;
rl=-b7~(1/7) ;

4
det2=-b7-—Db3 b4;
49

e5=Coefficient [findF3[x"7+{a2,a3,a4,a5,a6,a7}.x"{5,4,3,2,1,0}],x,2];

1 21 7 1 3 343 (dp5+dm5)
{k1,k2,k4}={—7a2,———b3+——dp3——dm3—14a3,7 e5+—c5-—b5-—————— 4p3 a2-343 a5}//Simpli
14 4 4 7 14 4

$matl=$mat2=$mat3={{ri,r2,ra}, {r4"2, ri*2, r2°2 },{r2”4,r4"4,ri 4}};
$mat1[All, 1] =$mat2[All,2] =$mat3 [All, 3] = {k1,k2,k4};
{r6,r5,r3}={Det[$matl] ,Det [$mat2] ,Det[$mat3]}/det2;
Return[{ri,r2,r3,r4,r5,r6}]

]

(*main programsx)
solveSeptic[fO_]:=Modu1e[{delta,f,fl,fz,gl,gz,Fp,Fm,rs,a2,33,a4,aS,as,a7,b3,b4,b5,b6,b7,c3,c4J

delta=Coefficient[fO,x,6]/7;

f=Expand [fO/ . {x->x-delta}];

{f1,f2,81,82}=findF12G12[f] ;

{a2,a3,a4,a5,a6,a7}=CoefficientList [f,x,6] //Reverse;
{b3,b4,b5,b6,b7}=CoefficientList[gl,x,5]//Reverse;
{c3,c4,c5,c6,c7}=CoefficientList[g2,x,5]//Reverse;

Fp=f1+f2//Collect [#,X]&;

Fm=Sqrt[-7] (f1-f2) //Collect [#,x]&;

{dp2,dp3,dp4,dp5,dp6,dp7} =CoefficientList [Fp,x,6] //Reverse;

{dm2,dm3,dm4,dm5,dm6,dm7} =CoefficientList [Fm,x,6] //Reverse;

rs=wWhich[b3#0| | (b3:-08&b4#0) ,b3NE@ [ {a2,a3,a4,a5,a6,a7}, {b3,b4,b5,b6,b7}, {c3,c4,c5,c6,c7}, {dp2
(b3--08&b4--0) ,b3b4EQO[ {a2,a3,a4,a5,a6,a7}, {b3,b4,b5,b6,b7},{c3,c4,c5,c6,c7}, {dp2,dp3,dp4,dp5,
Clear[g,w];
X=1/7{{1,1,1,1,1,1},&8"{6,5,4,3,2,1},£~{5,3,1,6,4,2},£"{4,1,5,2,6,3},£~(3,6,2,5,1,4} ,£~{2,4,6

11 43
->w};

X={xo,xl,xz,x3,x4,x5,x6}=X/.{g“p_»gAMod[p,7],——+
2

Column|[ {$gal<>", x0=\n",TraditionalForm[x@]}]

]
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§1 1= R

solveSeptic[f(x)] (fldmonic TEERIBRTRI) T TS, [f=0] DEEZ R (B EIRZE1AR) A RFVE
9 12120 [ Z=cos(2m/7)+1 sin(271/7),w=cos(271/3)+1sin(21/3) ] TF. FFHANEBICRBZENS
LDT, DefaultTld GaloisBEEx0(EHDENZ W ETEEALTET. RIEEHNOXL, - x6lC, Ff:
FROEERBXICASTVADT, xOUNDREMECRIIENTEXT. (x0,xL, -, x6,X[EGlobal TY'.)

1. f=x"-2x+x*+4x*-x*-4x+3

- Fax -2x3+x*+4x3-x%-4x+3;
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in[- 1= solveSeptic[f]

Out[«]=
Gal=F4, x0=

36221194726 322515
- +

1116 201511373998 /13

7 27 3

g

) .

36221194726 322515

1116201511373998 13

27

Vi

2
L1
3 27

( 54827257576
3

3
+ 5065024748 \/13) ] n

1 36221194 726322515 1116201511373998 +/13
(1/3) w?+ |= |- + +
2 27 3
2
1 36221194726 322515 1116 201511373998 13 1 54827257576 3
E - Y = (——+5065024748 \/13) A1/3)we
4 27 3 27 3
1 381759 108 045 13 2401 1029 13 1 36221194726 322515 1116 201511373998 4/13
S —= g = —= A7y | = |- - -
3 2 2 2 2 2 27 3
2
1 54827257576 3 1 36221194726322515 1116 201511373998 13
L (7— - 5065024748 \/13) 42 + Y A
27 3 4 27 3
1 36221194726 322515 1116201511373998 13
(1/3) w?+ |= |- - +
2 27 3
2
1 54827257576 3 1 36221194726322515 1116 201511373998 13
L (———5065024748 \/13) s 2 + v A1/3)we
27 3 4 27 3
1 381759 108 045 13 4 2401 1029 13 A (1/ 7) 53 1 36221194726 322515 1116201511 373998 13
1 [ 381759 1eseas 13 [ 2401 1029 13 NI _ N
3 2 2 2 2 2 27 3
2
1 54827257576 3 1 36221194726322515 1116 201511373998 13
L (7— - 5065024748 \/13) s 2 + Y A
27 3 4 27 3
1 36221194726 322515 1116201511373998 /13
(1/3) w?+ |= |- - -
2 27 3
2
1 54827257576 3 1 36221194726322515 1116 201511373998 13
L (———5065024748 \/13) s 2 + Y AL/3)we
27 3 4 27 3
1 381759 108 045 13 2401 1029 13
1 [ BLS IS0 NB g (X _INB ) a1,7) 83
3 2 2 2 2
[1 ( 381759 108045 /13 14 ( 2401 1029 /13 ) ) (1 ( 36221194726322515  1116201511373998 /13 )
1 (_3si7se  lesess i3, [ 2401 1029 VI3 ) 1 [ - nEER I
3 2 2 2 2 2 27 3

( 54827257576

1
27

3
5065024748 \/13) +71‘ (

36221194726322515
+

1116201511373998 /13 )

|

27 3
1 36221194726322515 1116201511373998 4/13
(1/3) + |= |- - +
2 27 3
1 54827 257576 3 1 36221194726 322515 1116201511373998 13 2 A A
L ([ 2EUBTIR 5 pe5024748 13 ) + = + y (1/3)
27 4 27 3
1 36221194726 322515 1116201511373998 V13
1/7) 3+ ||= |- + +
2 27 3
2
1 36221194726322515 1116201 511373998 13 1 54827 257576 3
E - Y = (7— + 5065024 748 \/13) A
4 27 3 27 3
1 36221194726 322515 1116 201511373998 ‘\]13
(1/3) w2+ |= |- + -
2 27 3
2
1 36221194 726322515 1116201 511373998 13 1 54827 257576 3
1 - Y = (——+5065024748 \/13) AL/3)w+
4 27 3 27
1 381759 108 045 13 2401 1029 13
1[0 10 NI g (2 IBNB ) A (1,7) 4
3 2 2 2 2
1 381759 108045 /13 14 2401 1029 /13 1 36221194726322515 1116201511373998 /13
- —  —— - —_ —— + = |- + -
3 2 2 2 2 2 27 3
2
1 36221194726 322515 1116201511 373998 13 1 54827257576 3
E L= (7— + 5065024 748 \/13) A
4 27 3 27
B 1 36221194726 322515 1116 201511373998 13
(1/3) + |= |- + +
2 27 3
1 36221194726 322515 1116201511 373998 13 2 1 54827257576 3 A A
2 = - : v +— (-ZEEEE L 5065024748 V13 as3|r~asn
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—& F(CGaloisBENEWTHYET. Gal = Fpp TF. EITERBIRFALDOERET0.67 HTLE.
F2 (= xo) FEHLCRIEXTH, ZNXBRENDHBEKICAENC>THEVWASTT,
F wPCOFRILTWBDERLEARTY. (BRI ZETICRER.)
fREALI(CIF, Simplify MMEXET.

in[-:= Simplify [x@]

Out[«]=
1

[(77105 +1911 4/13 + 2273
61/7 75/7

1/3
(7 (—43 982153605 + 12198286674 /13 -3 1 \/39 (42 645 283298884717 - 11827 673483952564 +/13 ) ) ) +2%3

1/3\1/7
(7 (—43 982153605 + 12198286674 /13 + 31 \/39 (42 645283298884717 - 11827 673483952564 /13 ) )) )

+

(77105 +1911 /13 + 2273 (7 (743 982153605 + 12198286674 /13 -

1/3
3i \/39 (42 645283298884 717 - 11827673483952564 13 ) ) ) w +

1/3
2273 (7 (—43 982153605 + 12198286674 /13 + 31 \/39 (42 645 283298884717 - 11827 673483952564 /13 ) ) )

1/7
wz) + 2 ((77105 - 1911 +/13 + 2%/3

1/3
(7 (—43 982153605 - 12198286674 /13 -3 1 \/39 (42 645 283298884717 + 11827 673483952564 /13 ) ) ) +

22/3 (7 (743 982153605 - 12198286 674 /13 +

1/3\1/7
3i \/39 (42 645283 298884717 + 11827 673483952564 /13 ) ) ) ) + (—7105 +1911 /13 + 2%/3

1/3
(7 (—43 982153605 + 12198286674 /13 + 31 \/39 (42 645 283298884717 - 11827 673483952564 /13 ) ) ) w +

1/3
2273 (7 (—43 982153605 + 12198286674 13 - 31 \/39 (42 645283298884 717 - 11827673483952564 13 ) ) )

1/7
wz) + (77105 - 1911 /13 +2%3

(7 (43982153605 - 12198286674 V13 + 3 i /39 (42645283298884717 + 11827 673483952564 13 | )1/3 W+

1/3
22/3 (7 (—43 982153605 - 12198286674 13 - 31 \/39 (42 645 283298884717 + 11827673483952564 13 ) ) )

1/7
wz) + (77105 - 1911 /13 +2%3

1/3
(7 (—43 982153605 - 12198286674 /13 -3 1 \/39 (42 645 283298884717 + 11827 673483952564 /13 ) ) ) w +

1/3
22/3 (7 (—43 982153605 - 12198286674 13 + 31 \/39 (42 645 283298884717 + 11827673 483952564 13 ) ) )

A7)

ILUEZEKHTNSolve TRHZEEREEL LLELET. 2L, x [T EDRRICIERICIEMEBDT,
BHBFONBEEPIBVNE x OELHENERECREISHENEAHYXT.
[X = {x0, ---, x6}] DEZXEHTLLELET.
LeB BB [ =cos (27/7) +Lsin (27/7), w=cos (27/3) +cLsin (271/3)]
ERALTLEEN,

| 7
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In[+ ]:=

Out[«]=

Out[«]=

In[+ ]:=

Out[«]=

Out[«]=

Out[«]=

In[« ]:=

Out[«]=

X/.{€~>Cos[2Pi/7]+ISin[2Pi/7],w—»-1/2+1/2Sqrt[-3]} // N[#, 20] & // Chop //
Sort
X /. NSolve[f == @, x, 20]

{-1.38879703091041433235, -1.03949787591759483646 + 0.82652009673523383574 1,
-1.03949787591759483646 - 0.82652009673523383574 1,
0.73655819556043395965 + 0.40826156222046095970 1,
0.73655819556043395965 - 0.40826156222046095970 1,
0.99733819581236804298 - 0.85575867471477191387 1,
0.99733819581236804298 + 0.85575867471477191387 1}

{-1.3887970309104143323, -1.03949787591759483646 - 0.82652009673523383574 1,
-1.03949787591759483646 + 0.82652009673523383574 1,
0.73655819556043395965 - 0.40826156222046095970 1,
0.73655819556043395965 + 0.40826156222046095970 1,
0.99733819581236804298 - 0.85575867471477191387 1,
0.99733819581236804298 + 0.85575867471477191387 1}

HEORICTIEE=201T ] DIZBAREFEFTRIC—ELETH, HHICNX 2EISEE—HLELTA!
(FhFINTH—HE®RYVELE ) BERBXOEEFIFEE =30HT7 I TP TVEERTIT N, FLORER
TII¥EE = 20M7/ T+ TLE.

X/.{->Cos[2Pi/7] +ISin[2Pi/7],w—>»-1/2+1/2Sqrt[-3]} // N // Chop // Sort
x /. NSolve[f == @, Xx]

{-0.951933 - 0.0434167 1, -0.871368 + 1.074451, -0.481839 + 1.38324 1,
0.32832 - 0.506201 i, 0.400709 - 0.049473 i, 0.661592 - 1.88662 i, 0.914518 + 0.0280242 i}

{-1.3888, -1.0395-0.826521, -1.0395 +0.826521, 0.736558 - 0.408262 1,
0.736558 + 0.408262 1, 0.997338 - 0.855759 1, 0.997338 + 0.855759 1}

2. x' -3

EoCEBEBBH TR AERXD—DTY.

'F=X7—3_;

solveSeptic[f]

Ga].:F42, X0=

7,

--3

REARERRLET. LUELBEROLLEERNETIN. x0 DRRFIEEELZZDE, L&
TraditionalForm ZXIH L TWAHHTT,

X

{_ (_3>1/7, _ (_3>1/7 56, _ (_3>1/7 55, _ (_3>1/7 54, _ (_3>1/7 53, _ (_3>1/7 §2, _ (_3>1/7 g}
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3. X -7x+7x*+7xX3+7x%+7x+3

Gal = D; DBAIERTHELED. T9F-7 DESEEHIETY.,

inf-]:= F = x7—7x5+7x4+7x3+7x2+7x+3;
solveSeptic[f]

Out[«]=
Gal=D;, x@=

1 (53 \/ \3/ 2676 946468 535003 8816899947037 i O)Z + \3/ 2676946468 535003 8816899947037 i w 117 649 +
= 7 — — —
7 54

+ _
6 3 54 6 V3 3

3 2676946468535003  88168999470371 2676946468535003 8816899947037 i 117 649
N ” + WS+ - - w- +

63 54 6 3 3
3 277363748334256598329  20728531775483987 i ) 277363748334256598329  20728531775483987 i
c 3 — - we+ - + w -
54 6 V3 54 63
5176 556 277363748334256598329  20728531775483987 i
22 A1/7) + 23| 4 + W+
3 54 6 V3
277363748334256598329  20728531775483987 i 5176556 | A
3| — - w - (1/7) +
54 6 V3
117649 [ 2676946468535603 8816899947637i [ 2676946468535003 8816899947037 i 3y
S| - 227522 _ _ _
3 54 6 V3 54 6 /3

\/ 5176556 +\3/ 277 363748 334256 598 329 20728531775483987 i +\3/ 277 363748 334256 598 329 + 20728531775483987 i
| — — — —

3 54 63 54 643

Simplify LT, &5(C255% TraditionalForm THRRLET. EE5NBHFHATLEIN ?

[ := Simplify[x@] // TraditionalForm

Out[«]//TraditionalForm=

1
(_ﬁ[(/mm N-3947-39: A3 w?+142% {-3947+39i 4/3 w-98 + (/142/3 N-3947+39i A3 w?+142% {-3947-39i /3 w-98 +

N6 77
(/14“ {/-408956521-916895 3 w4143 {/-408956521+91689s 3 w-4312 +

(/14“ J-408956521 +91 6897 3 w?+142% [-408956521 916897 V3 w-4312 +

(/-98+142/3 -3947-304 \3 +142% -3047+39i 43 ]+

(/-4312+14“ J-408956521-91 6897 /3 +14%% [-408956521+91689: 3 ]

FARTSimplifyLTWERWAIDFATY. [BEBRERDTVBIKEINE2ERELTEZNSTY. RIC
BUCIo TR BB Z LR LEYS. HEORIC—ZRLET.
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mf-J= X/.{€->Cos[2Pi/7] +ISin[2Pi/ 7], w>»-1/2+1/2Sqrt[-3]} // N[#, 20] & // Chop //
Sort
X /. NSolve[f == @, x, 20]

Out[«]=
{-2.9594099619299353176, -0.53940751283856183399 - 0.25283072740116912485 i,

-0.53940751283856183399 + 0.25283072740116912485 1,
0.06260752205015066830 + 0.78073405035127309330 1,
0.06260752205015066830 - 0.78073405035127309330 1,
1.9565049717533788245 - ©0.9101519095780632954 1,
1.9565049717533788245 + ©0.9101519095780632954 1}

Out[«]=
{-2.9594099619299353176, -0.53940751283856183399 - 0.25283072740116912485 i,

-0.53940751283856183399 + 0.25283072740116912485 1,
0.06260752205015066830 - 0.78073405035127309330 1,
0.06260752205015066830 + 0.78073405035127309330 1,
1.9565049717533788245 - ©0.9101519095780632954 1,
1.9565049717533788245 + ©0.9101519095780632954 1}

4, xX - 7x°+14x3-7 x+2

REBEICENTRVMIZERELET.
REEHIEN—DER [x -7 x> +14 x> -7 x + 3] [F Gal = Fuy TEEHITIA,
CELMBEMIIBENTHYEEA. o TGEHRT Abort LTVET. 46,
IR7E [solveSeptic] [F Gal = Fup, D7 [CLOFIGLTVEERA.
LU GaloisB(IKHLNBDT, K Gal = Cg, Fpy DREEEADLESER,
ZhZnnGaloisE N FKRENT# Abort T3(39 TF.

g F=xX -7xX°+14X3-7x+2
solveSeptic[f]

Out[«]=
2-7x+14x3-7x° + X

B THYEEA

Out[«]=
$Aborted

[ .= Factor[f]
Out[«]=
(2 +X) (1—2x—x2+x3>2
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§2 BXKI CRIARTRT R 512 L DE X

Fah'SageMath TIEAR2BMN I TR R Ul AT CEEUG AR [x +a x>+b x*+c x3+d x?+e x+f (-15s
a,b,c,d,e<15, 1<f<15) D% % {a,b,c,d,e,f}& order(Gal) DY MILLFOURARIAEYET, #4.3(2DS
5, AR CEINAEEIL 1-o79@ LA, BESTY. LGHEENTARLRTRAREROH I
https://mixedmoss.com/mathematica/Galois/septic/solvableSepticEquations.txt [CEELVTH
VE9, ZESEFLVWBEEA R DAWREE update T2 DEYTING, EHIBEEYDHIFRF4 ARNT

HTLREW,

in[-]- solvables = {{{-7, 0, 14, @, -7, 3}, 42}, {{-7, 0, 14, 0, -7, 4}, 42},

{{'73
{{'73
{{'73
{{'73
{{'73
{{'43
{{'23
{{'23
{{'13

{{e,
{{e,
{{e,
{{e,
{{e,
{{e,
{{e,
({3,
{{2,
({4,
({4,
{7,
{7,
{7,
{7,
{7,
{7,

0,
0,
0,
0,
0,
0,
7,

o, 14, 0, -7, 5}, 42}, {{-7, o, 14, o0, -7, 6}, 42}, {{-7, 0, 14, 0, -7, 7}, 42},

o, 14, o0, -7, 8}, 42}, {{-7, o, 14, o, -7, 9}, 42}, {{-7, 0, 14, 0, -7, 10}, 42},
o, 14, o0, -7, 11}, 42}, {{-7, 9, 14, o0, -7, 12}, 42}, {{-7, 0, 14, 0, -7, 13}, 42},
o, 14, o0, -7, 14}, 42}, {{-7, 0, 14, o0, -7, 15}, 42}, {({-7, 7, 7, -14, 0, 9}, 14},
7,7,7, 7, 3}, 14}, {{-7, 9, -1, -9, 7, 7}, 14}, {{-5, -4, 8, 3, 11, 7}, 14},

6, 15, 3, 3, 1}, 14}, {{-3, 2, 7, 6, -3, 1}, 14}, {{-3, 2, 6, -6, -1, 12}, 42},
-3,1,5, 4, 1}, 14}, {{-2, -3, 8, 2, -12, 7}, 14}, {{-2, -3, 14, -4, 6, 1}, 14},
-1, -2, 0, 6, 5}, 14}, {{-2, 1, 4, -1, -4, 3}, 42}, {{-1, o, 3, -4, -9, 11}, 14},
3, -3, -2, 14, 7}, 14}, {{-1, 5, 3, -5, 3, 7}, 14}, {{o, -8, 10, 8, 12, 2}, 42},

-7, 14, -7, 8}, 42}, {{o, o0, 0, 0, 0, 2}, 42}, {{0, 0, 0, 0, 0, 3}, 42},
0, 0, 0, 4}, 42}, {{0, 0, 0, 0, 0, 5}, 42}, {{0, 0, 0, 0, O, 6}, 42},

0, 0, 0, 7}, 42}, {{0, 0, 0, 0, O, 8}, 42}, {{0, 0, 0, 0, O, 9}, 42},

o, o0, o0, 10}, 42}, {{0, 0, 0, 0, O, 11}, 42}, {{0, 0, 0, O, O, 12}, 42},
0, o0, 0, 13}, 42}, {{0, 0, 0, 0, O, 14}, 42}, {{0, 0, 0, O, O, 15}, 42},
7, -7, 7, 1}, 14}, {{o, 4, 1, -2, 2, 3}, 14}, {{o, 6, -3, 6, 1, 12}, 42},
-14, o0, 0, 7}, 14}, {{e, 7, 7, 7, 14, 9}, 14}, {{0, 7, 14, 14, 7, 2}, 42},

-4, -1, 0, 5, 1}, 14}, {{1, 9, 2, -1, 11, 4}, 42}, {{2, @, 3, 5, -7, 5}, 14},

4,

-5, 7, -3, 1}, 14}, {{2, 6, 6, -2, 1, 2}, 14}, {{3, 1, 2, 7, -2, 4}, 14},

-11, 13, -3, -14, 13}, 14}, {{4, -2, 2, 0, -3, 2}, 14},

4,
0,
0,
0,
0,
0,
0,

Length[%]

Out[«]=
79

i, 12, -2, 1}, 14}, {{5, 3, 3, 10, 2, 1}, 14}, {{6, 6, 1, 7, -5, 1}, 14},
7,0, 7, 3}, 14}, ({7, 0, 14, -14, -7, 6}, 42}, {{7, 0, 14, 0, 7, 1}, 42},
14, o, 7, 2}, 42}, {{7, o, 14, 0, 7, 3}, 42}, {{7, 0, 14, 0, 7, 4}, 42},
14, o, 7, 5}, 42}, {{7, o, 14, 0, 7, 6}, 42}, {{7, 0, 14, 0, 7, 7}, 42},
14, o, 7, 8}, 42}, {{7, o, 14, 0, 7, 9}, 42}, {{7, 0, 14, 0, 7, 10}, 42},
14, o, 7, 11}, 42}, {{7, o, 14, o0, 7, 12}, 42}, {{7, o, 14, 0, 7, 13}, 42},
14, o, 7, 14}, 42}, {{7, o, 14, o0, 7, 15}, 42}, {{9, -3, 1, 9, 4, 1}, 14}};
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§3 [RIWX CTHRNLNTWAT VIR L

FERXCRIUTORCERETIIVALDE>TVET. (MapleAANDYIRTETOIILTEBRIC,
_’JI/:I'JRATL(T’&%ZJG—CL\%)ODKLUL\i? JUTTRBEVWTTHA, ATYaADATY3BOT, HALRSE
WEtHA., BRXOANMETEPTIVWERBWVNEYT. ASRBXTCRAETMEMEHA L2 TRAIVaL
EDTL\i? EJLJ#)PE“L\UIEiEL\—C‘?. FAEAT 4 I RTEEFEWERLE. )

Starting from an frreducible septic,
Apply the Tschirnaus transformation r— > r — T to get a depressed septic.
Compute the polynonual of degree 35 of the sums of three roots (Section 3.2).
Factorize it to test solvability and compute septics f, and f (Section 5.2).
Compute the invariant septics gy and go (Section 5.3).
If gy =t then exchange fi, g1 wﬂhfz @
b; == coeff{gy, t,7 —i) fori =3,...,
Ifby = by = 0 then
uy = —/by, ua =0, ug =0.
Compute the polynomial f3 (Section 5.3)
Compute us, us, ug by Cramer’s rules from Equations 16, 17, 19,
Ifby = 0, by # 0 then
. = . 2ulby
UTRERY , Uy o= yug =0
Compute us, us, ug byCrzmcrsmlcs&omEqmnmslG 17,18
In[+]:= Ifby # 0 then
Use Equations 11 to 14 to define uy, uy, uy, choosing the root
1in Equation 12 in order to avoid division by zero in Equation 13
I7bg +498 #0
then compute ugy, us, ug by Cramer’s rules from Equations 16, 17, 18,
else

Compute the polynomial f3 (Section 5.3)
Compute uy, us, ug by Cramer’s rules from Equations 16, 18, 19.
w == the expression by radicals of a2 pamitive 7th root of unit.

The roots are
-T +
T+ wuy e wa b wn st wyte® ugto® - =T 4 wu st uate® witwus o ug bt -
T4+ ..r‘u,hr‘\_-zh’-,-hd‘!,h-iﬂ‘!. T4« u,f;ugﬂ"-,-ﬁ:’!‘Mniﬂ’u.

_T+J'u W ugdw w‘u ot u, -T Fu‘u b ug it ..ﬂ.r’u.w’ ugtiug



