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§1. W\ T3

INIESRAER D[ solveQuintic] DERBRTOISLTEHYELTA. TRARRIX], ZORIBITVOR /N
ZIERVIX], VIC & B DEEX1~xTDFRIRsolsDIDEHMICATILT, notebookEAZF T 2F(C&
Y, f=00EZEBIKIFVET. FFMICIFT1FEEENMYET. F42_Solutions.nb D EBDF i%- 3R A
BHXOBORREEITTE-EE>TVET. sols[E{1 + v +vr2, 1-v+2v23-v+3vDLIIC, v
DHDHTAN LTS\ SageMath DIZELRDLIZIVY FDE, LOERNMEVORD, roots M
EERENSsols BKEVETH, editor BETHLEFTZHENHYET.

x=polygen(QQ,x)) #xZHBEHRHMZLERDELEKE, R_<x>=QQHEE0K
f=XAT - 2*XA5 + XM + 4*XN3 - xA2 - 4*x + 3

N.<a>=NumberField(f) #NIIfOEED—D(ZZTlEa)Z QAT ILI= A
L.<v>=N.galois_closure() #LIENDHO7EAE

L

y=polygen(L,’y’) #yZLOZEIEZE
g=yNT - 2*yA5 + yNM + 4*yN3 - yN2 - 4*y + 3
g.roots()
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§2. 5 (F D fV,sols #Z Z T, notebook ZEHHLTTF &)

In[319]:=

ClearAll[" *"]

In[320]:=
fIx_]
Vx_]

X7 +7 %*X"*3-7%*Xx*"2+7%*x+1;
X*14 -14 * X*12 +49 » X~10 + 98 * X~ 8 - 686 * X6 + 343 » X4 + 343 » X~ 2 + 3087;

sols = (*{x1,x5,x4,x6,X7,X2,X3}=%)

{38/17199 *v~12-15/637 *v"~10 + 59 / 2457 »v~8 +131 /351 *v~6-55/117 xv"4 -
541 /351%v~2-67 /39, -79/ 34398 xv~12 + 85 /3822 xv~10 - 29 / 2457 » v~ 8 -
1657 /4914 »v"6 +31 /117 *v"4+629 /702 xVv"~2+1/2*%Vv+167 /78,

-79/34398 xv~12 + 85/ 3822 »v~10 - 29 / 2457 »v"8 - 1657 / 4914 »v"6 +
31/117 *v~4+629/702xVv"2-1/2%Vv+167 /78,

31/34398 ¥v~13-22/17199 »v"12-131 /11466 »v”~11l + 157 /11466 * v"10 +
80 /2457 »v~9-95/4914 x v~ 8 + 236 / 2457 »x v~7 - 418 / 2457 » v"6 -

17 /39 %*v~5+7 /26 *v~*4+59/351%v~3+188/351%*v"*2-8/39*%v+55/78,
4/17199%*v”"13+85/34398 xv”*12-25/11466 xVv”"11l-277 /11466 xVv"10 -

2 /2457 xv~9 +47 /2457 »v"~8 + 269 / 4914 » v"7 + 788 / 2457 xv"*6 -5 /78 x v"5 -

35/117 »v"*4-313 /702 xv"3-232/351%v"2+55/78%v-155/78,

-4/17199 »v~13 +85 /34398 *x v~12 + 25 /11466 » v~11 - 277 / 11466 » v"10 +
2/2457 xv~9 +47 /2457 »v"~8 - 269 /4914 »v"7 +788 / 2457 xv"*6 +5 /78 x v"5 -
35/117 »v"*4 +313 /702 xv"~3-232/351%v"2-55/78%v-155/78,

-31/34398 *v~13-22/17199 *v~12+131 /11466 »v"11 + 157 /11466 »v"10 -
80 /2457 *xv~9-95/4914 x»v~8 - 236 / 2457 x» v"7 - 418 / 2457 x V"6 +
17 /39%*v~5+7 /26 *v~4-59/351%v~3+188/351%v"2+8/39*%Vv+55/78};

R T0) I L(HOT B ZKHTER)

(»i07E %R Tgaloisgrouplc ANLE )
vsols=v/.NSolve[V[v]==0];
perml=sols/.{v-vsols[1]};
galoisgroup=Table[
permi=sols/. {v-vsols[i] };
Table[PositionSmallest [Abs [permi-perm1[k]]1][I11,{k,1,7}]//Flatten, {i,1,Length[vsols]}]//Sort;
(%¥C7,D7,F21,Fsp DEF+)
c7=Table[RotateLeft[{1,2,3,4,5,6,7},1i],{1,0,6}]; (+RAIDERICETEFIT TS 1)
d7=Join[c7,c7/.{1-6,2-5,3-4,4-3,5-2,6-1}]//Sort;
f21=Join[c7,c7/.{1-3,2-6,3-2,4-5,5-1,6-4},c7/.{1-2,2-4,3-56,4-1,5-3,6-5}]//Union//Sort;
f42=Join[d7,d7/.{1-3,2-6,3-2,4-5,5-1,6-4},d7/.{1-2,2-4,3-6,4-1,5-3,6-5} ] //Union//Sort;
(+x1~x7DIEFZEZEHELCIIEREICIC;,D7,Fa1,Fap [C—BSE %)
replace[gline List,rp List]:=(gline/.AssociationThread[Range[7]-rp]) [rpl; (xHO7EDZ )
order=Length[galoisgroup];
gal:If[MemberQ[{7,14,21,42},order],Switch[order,7,c7,14,d7,21,f21,42,f42],

Print ["AIEL7RAEXTEHYELEA (It's not a solvable septic equation)”];Break[]];
perm=Permutations[{1,2,3,4,5,6,7}];
i=1; While[Sort[replace[#,perm[i]] ]&/@galoisgroup]#gal&i<Factorial[7],perm[i];i++];
sols=sols[perm[i]];
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In[336]:=

In[343]:=

(*[1]{t1,t2,t3,t4,t5,t6}={R1+R6,R2+R5,R3+R4,R1R6,R2R5,R3R4} DI ZRHS *)
x2r={{1,1,1,1,1,1,1},{1,&,8"2,&"3,E"4,E"5,E"6}, {1,E"2,E"4,L"6,C,E"3,E 5}, {1,L"3,E"6,L"2,L 5,
{ro,ri,r2,r3,r4,r5,r6}=x2r.sols//PolynomialMod [#, {V[Vv] ,Cyclotomic [7,8]}]&;
{R1,R2,R3,R4,R5,R6}={r1,r2,r3,r4,r5,r6}"7;

{t1,t2,t3,t4,t5,t6}={R1+R6,R2+R5,R3+R4,R1 R6,R2 R5,R3 R4}//PolynomialMod [#, {V[Vv],Cyclotomic[j
{p1l,p2,p3}={t1+t2+t3,t1 t2+t2 t3+t3 t1,tlxt2+t3}//PolynomialMod [#, {V[Vv],Cyclotomic[7,£]}]1&;
{91,92,q3}={t4+t5+t6,t4 t5+t5 t6+t6 t4,t4»t5+t6}//PolynomialMod [#, {V[V],Cyclotomic[7,£]}]1&;
t123456=x/.Solve [x*3-p1l x"2+p2 X-p3==0| |x*3-ql x"2+q2 Xx-q3==0,X,Cubics-»True]//Simplify; (xt123:

(*[2] BMEETEZFIALT t1~t6,R1~R6,ri~reDEZAFE RS, FLAERL $ #EBICHITTRT +)

vO= (v/.NSolve[V[v]==0,Vv]) [1];

$sols={$x1,$x2,$x3,$x4,$x5,$x6,$x7}=s01s/ . {V->V0}; (*x1~x7DEERR+)

£=Cos[2Pi/7]+I Sin[2Pi/7];

{$ro,$r1,$r2,$r3,$r4,$r5,$r6} =x2r.$sols; (+ri~reDIfEfE+)

$r123456={$r1,$r2,$r3,$r4,$r5,%r6} ; (xri~r6DifERE%r123456. [EFEIELL )
$R123456={$R1,$R2,$R3,$R4,$R5,$R6} =$r123456 ~7; (*R1~Re6DIfHEfRx)
$t123456={$t1,$t2,$t3,$t4,$t5,$t6} ={$R1+$R6,$R2+$R5, $R3+$R4, $R1 $R6, $R2 $R5, $R3 $R4A}; (»tl-~t
pos=Table[PositionSmallest [Abs [$t123456[i] -N[t123456]]]//First,{i,1,6}]; (*»t123456MDMA,$t12345
t123456={t1,t2,t3,t4,t5,t6}=t123456[pos] ; (»t1~t6DEKZE R . IBFEIEL L +)

R123456=y/.Solve [y"2- (t1) y+t4==0| | y*2- (t2) y+t5==0| | y*2- (t3) y+16==0,y]; (*R1L~R6DEZHZ . IEF 37T HH
pos=Table[PositionSmallest [Abs [$R123456[i] -N[R123456]]]//First,{i,1,6}]; (*R123456M)MA, $R12345
R123456={R1,R2,R3,R4,R5,R6}=R123456[[pos] ; (*R1~R6DELZE R . IEFFEIELL )

power=Round [Arg [$r123456] -Arg[ (N@R123456) ~ (1/7) ]] ~Mod~7; (*R1~R6D7FRE$r1~sreH'—BT 35 IC1RF
r123456=R123456~ (1/7) »&"power; (*r1~r6DEkZEiE . [EFEIELL )
(*[31r1~r6ZX AL Tx1~x7DEERE R DB *)

{x1,x2,x3,x4,x5,x6,x7}=1/7{{1,1,1,1,1,1}, {£"6,E"5,E"4,E"3,E"2,LC}, {E"5,E"3,L,L"6,L 4,E 2}, {L"

RITHER
AO7EORIEE
In[358]:=
Length[gal]
Out[358]=
14

In[359]:=

=0 DEEBZERIL, x1~xTICA-TWET. x1OARRKLET

x1 // Simplify // TraditionalForm // Style[#, Small] &
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out[359]=
1 '16897 14 727 (144 3] 2401 17472 7%7 (141 3
- 28 11223 37(-71+39j1 \E) (j»fﬁ) ——— | |7 |ose8 +
7 24 3—1(-71+39j1 \E) 24 33(-4591+87j \/5)
2 2
14 723 (1”‘1 «/3) ’
96 2%/3 (1-1'1 «/3) 37(—4591+87J’1 «/5) ‘7|28 — %3 (1-1'1 «/?) 37(-71+39j1 \E) A
= (714391 43)
2
3 37 16807 77?73 7 2401
(1/7) |icos|— | +sin|— -7+ + 3—(_71+39j1 \/E) -
14 14 6 NE (_71+39j \/;) 2 6
2
2
7.7%73 7 182 7273
49| 74— = (-71+39j1 \/E) -84 |-49+ L2203 37(—4591+87J’1 x/?) A
3—1(-71+39j1 \/?) 2 3—1(—4591+87J'1 \/E)
2 2
141723 [i+ 43
(1/7) |1 cos 2 +sin 2 16867 28+ 2%/3 (-1-1'1 «/5) 37(-71+39j1 «/?) +$ -
14 14 24 2 (714391 43
2
2401 141 7273 (]'H«/E) ’
— | |7 |7 |-28+2%3 (-1-1'1 «/?) 37(-71+39j1 «/?) —_— ]
24 3 (714391 43)
2
1821727 (14 3 3 3
96 |98+ 22/ (-1-1'1 «/3) 37(—4591+87J’1 «/5) + A1/7) |icos|— |+sin|—
2 (-as91+871 +3) 14 14
2
16 807 14 7%3 (1”‘1 \/5) 2401 17472 7% (1”‘1 \/5)
28~ 12273 37(-71+39j1 \/E) (jux/?) i—— | |7 |o408 + +
24 2 (714391 43) 24 2 (-as91+ 871 3
2 2
14 723 (1”‘1 «/3) ’
96 2%/3 (1-1'1 «/3) 37(—4591+87J’1 «/5) ‘7|28 — %3 (1-1'1 «/?) 37(-71+39j1 \E) A
3% (-71+39j1 «/3)
(1/7) |1cos 3—7T +sin 3—7T ’ 16867 -7+ A + ZZ (—71+391'1 '\/;) ‘ﬁ
14 14 6 NE (_71+39j \/E) 2 6
2
2
7.7%73 7 182 7273
49 |74 —————= /= [-71+393 3 | -84 |49+ £ 37 (-ase1.875 N3 | |0
3—1(-71+39j1 \/?) 2 3—1(—4591+87J'1 \/E)
2 2
14173 [i+ 43
(1/7) |1 cos 2 +sin 27, |28 -2842°7 -1-3 3] 7714391 3] +$ .
14 14 24 > (714391 3)

717

141 7273 (j+\/§) ’
28+ 223 (-1-1'1 «/?) 37(-71+39j1 «/§)+— -
)

3—1 (-71+39j1 \3

2401
24

182 1 723 (1'1+ \/E)

3—1 (-4591+87j1 «/?)

37 6

14

37T

14

1 cos +sin

~(1/77)

9% [—98+22/3 (-1-1'1 \/3) 37 (-4591+87j1 «/E) +

RETY. [F=00HMERR] L[ ETROLEE BEXL-xTDIELUE]I T,
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In[361]:=
x /. NSolve[f[x] == 0, x] // Chop[#, 16~ (-8)] & // Sort
N[{x1, x2, x3, x4, x5, x6, x7}] // Chop[#, 10~ (-8)] & // Sort
Out[361]=
{-1.4171-1.162981i, -1.4171 +1.16298 i, -0.125215, 0.4768 - 1.03356 1,
0.4768 +1.03356 1, 1.0029 - 0.910152 1, 1.0029 + ©0.910152 i}
Out[362]=
{-1.4171+1.16298 i, -1.4171-1.16298 i, -0.125215, 0.4768 - 1.03356 1,
0.4768 +1.03356 1, 1.0029 - 0.910152 1, 1.0029 + ©0.910152 i}



