FEMINT Part2 (13, r5, 16 & rl &) with Mathematical4.0
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In[3410]:=

ClearAll[" *"]

F35 (GRELTLEZELY)

In[3412]:=

findF12G12[f_] := Module[ {f35, factors, posl, pos2, fi2, d,R1,R2, fi2factors,u,v,fp,fm,gl,g82,s
Clear[al,a2,a3,a4,a5,a6,a7];

f35 = F35 /. AssociationThread[{al, a2, a3, a4, a5, a6, a7} - ReverseeCoefficientList[f, x,

factors = FactorList[f35];

posl = Position[Exponent[factors[All, 1], x], 14][1, 1];

f12 = factors[posi] [1];

d = SqrteDiscriminant[f12, x];

fi12factors= FactorList[f12, Extension - d];

pos2 = Flatten@Position[Exponent[fl2factors[All, 1], x], 7];

{$f1,$f2} = (Expand [#/Coefficient [#, x, 7]] &) /@fl2factors[pos2] [All, 1];

u=- (t1+t2) /14+ (t1-t2) / (2Sqrt[-7]) ;

v=- (t1+t2) /14- (t1-t2) / (2Sqrt[-7]) ;
fp=($f1/.{x>u}) + ($f2/.{x->Vv});
fm=Sqrt[-7] (($f1/.{x-u}) - ($f2/.{x->Vv}));
gl=GroebnerBasis[{f/.{x- (t1+t2)/7},fp,fm}, {t1}, {t2}][1];
$g1l-If[Coefficient[gl,t1,7]=!=0,Expand[#/Coefficient[#,t1,7]]1&[g1]/.{tl-Xx},
R1=Resultant[f/.{x- (t1+t2) /7},fp/.{u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant [f/.{x- (t1+t2) /7},fm/. {U->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
PolynomialGCD[R1,R2,Extension-Automatic];
gcdl=PolynomialGCD [R1,R2,Extension-Automatic];
Expand[gcdl/Coefficient[gcdl,t1,7]]/.{tl-x}];
g2=GroebnerBasis[{f/.{x~ (t1+t2)/7},fp,fm}, {t2}, {t1}][1];
$g2-If[Coefficient[g2,t2,7]=!=0,Expand[#/Coefficient[#,t2,7]1&[g2] /. {t2-Xx},
R1=Resultant[f/.{x- (t1+t2) /7},fp/.{u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant [f/.{x- (t1+t2) /7},fm/. {U->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
gcd2=PolynomialGCD[R1,R2,Extension-»Automatic];
Expand[gcd2/Coefficient [gcd2,t2,7]]/.{t2-x}];
If[$gl===x"7, {$f1,$f2,$g1,$g2} = {$f2,$f1,$82,$g1}1;
Return[ {$f1,$f2,$g81,%$82} 1]

(#FindF3(3$F1, $F2NRELRNDT, findF12G12H'BE[CEITSNTVBZEIBHE )
findF3[f_] :=Module[ {R1,R2,gcd3},

R1l=Resultant[f,$f1/.{x-> (t-Xx)/2},x];
R2=Resultant[f,$f2/.{x-> (-t-Xx) /2},X];
gcd3=PolynomialGCD[R1,R2,Extension-»Automatic];

$f3= (Expand [#/Coefficient [#,t,7]]&[gcd3]) /. {t->Xx}]
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§1

In[3414]:=

/== =
. EEDHE
ro ~re (& f DAE xo ~ xs DETEGNBLagrange D T,

r0=x0+x1+ x2+ x3 + x4 + X5 +x6 ;

r1=x0+{x1+ "2 x2 +J"3 x3 +{"4 x4+J"5 x5 +{"6 X6;
r2=x0+{"2 x1+ {4 x2 +{"6 x3 +{ x4+J"3 x5 +J"5 x6;
r3=x0+{ "3 x1+ "6 x2 +{"2 x3 +{"5 x4+ x5 +{"4 x6;
r4=x0+{"4 x1+ {x2 +J"5 x3 +{"2 x4+J"6 x5 +{"3 x6;
r5=x0+{ "5 x1+ "3 x2 +{'x3 +{"6 x4+{"4 x5 +{"2 x6;
r6=x0+{"6 x1+ "5 x2 +{"4 x3 +{"3 x4+{"2 X5 +{ x6;

F1,F2,F3,G1, G2 (I TORRICERINET. ([F1OEHTERD—DTY.

Fl=(X- (X0+x1+x3)) (X- (X1+x2+x4)) (X- (X2+x3+Xx5)) (x- (X3 +x4+Xx6))
(X- (X0 +Xx4+x5)) (Xx-(XxL+Xx5+x6)) (X- (x0+x2+x6)) // Collect[#, x] &;
F2 = (X- (X0 +%x2+x3)) (X- (X1 +x3+x4)) (X- (X2+x4+Xx5)) (x- (x3+x5+x6))
(X- (X0 +Xx4+x6)) (X-(XxL+x5+x0)) (X- (Xx1+x2+x6)) // Collect[#, x] &;
F3 = (X- (X0 +x1+x3) + (X2 +X4+X5)) (X- (X1 +x2+x4) + (x3+x5+x6))
(X- (X2+ X3 +X5) + (X0 +Xx4+x6)) (X- (X3 +x4+x6) + (X1+x5+x0))
(X- (X0 +Xx4+X%5) + (X1 +X2+Xx6)) (X- (X1+X5+Xx6) + (X0 +x2+x3))
(X - (X0 +Xx2+x6) + (x1+x3+x4)) // Collect[#, x] &;

Gl = PolynomialMod[ (X - (rl+r2+r4)) (x- (Erl+Z"2r2+2% "4r4))
(X=- (E"2Pr1+C"4r2+2rd)) (X- (EA3rl+L76r2+L"5r4))
(X=- (E"4Pr1+E8r2+2°2rd)) (X- (EA5rl+E~3r2+L°6r4))
(x-(&"6r1+Z"5r2+%"3r4)), Cyclotomic[7, £]] // Collect[#, x] &;
G2 = PolynomialMod[ (X - (r3+r5+r6)) (x- (E24r3+Z"2r5+2r6))
(X-(Er3+C24r5+272r6)) (X- (EA5r3+L°6r5+L ~3r6))
(X- (E"2Pr3+C8r5+C 24r6)) (X- (EA6r3+L~3r5+L "5r6))
(x-(€”"3r3+8"5r5+%"6r6)), Cyclotomic[7, £]] // Collect[#, x] &;



§2.

In[3419]:=

In[3426]:=

FormulaPart2.nb

INE(#)

di, bi) Ci, di+) i_) € <1 = 1) 2) o 7) E%n%“n{:) Gl) GZ)
F'=F1+ Fo, FT =7 (F1- Fy), V-7 F30 (7- i) ROFEEETBE,
—Fmﬁ(:r'g, s, g :E\ r @ﬂf‘%?:tﬁ*@%i?.

()
rireg+rorg+rar3=-7a,
1 21 7 -
r‘42r‘6+r‘12r‘5+r‘22r'3:—§ b3+7d3+—zd2 -14 a;
2 2 2 1 1 49 + 49 = 98
PP P+ PP P+ “r3==—=C-—by+=d,"+=d;, -= a
412 6 114 5 211 3 21 4 42 4 12 4 12 4 3 4
343 ds* 343 ds~
r‘14r‘3+r‘24r‘6+r‘44r'5:7es+%CS—%bS—TS—TS+b332—34335

B TlRrEoX%E JUIT-HEEEBAVTENTHE
¥, FRRBX T BaiTDcs OFREIL (-1/7) TIH,
FAOFETE (1/7) EBYELE. ITRADFERZROAEHTELE.

WTFF, F, di, di BZNENFp, Fm, dp;, dm; ERTLET,
if%%‘:ﬁtjt dpi) dmi, e;, bi) Ci é—f Sky)gig-.

Fp = F1+F2 // Collect[#, x] &; (xFp=F*%)

Fm = Sqrt[-7] (F1-F2) // Collect[#, x] &; (xFm=F )

{dp3, dp4, dp5, dp6, dp7} = CoefficientList[Fp, X, 5] // Reverse;
{dm3, dm4, dm5, dm6, dm7} = CoefficientList[Fm, x, 5] // Reverse;
{e3, e4, e5, e6, €7} = Sqrt[-7] CoefficientList[F3, x, 5] // Reverse;
{b3, b4, b5, b6, b7} = CoefficientList[G1l, X, 5] // Reverse;

{c3, c4, c5, c6, c7} = CoefficientList[G2, x, 5] // Reverse;

vars = {x0, x1, x2, x3, x4, x5, x6};

lagrange = {{1,1, 1,1, 1, 1, 1},
{,¢%,¢8"2,¢"3, £"4, "5, "6}, {1, 8”2, £"4, £"6, ¢, £"3, "5},
{1, ¢~3,¢"6, "2, £"5, ¢, £"~4}, {1, ¢4, ¢, £*5, £*2, £"6, £"3},
{1, &g*5,¢8"3, ¢, £"6, £"4, £"2}, {1, £"6, £"5, £"4, £"3, £"2, L}};

rules = AssociationThread[{reo, ri, r2, r3, r4, r5, r6} -» lagrange.vars];

:n_@ dqi, bl', Ci, d1'+, i, @i b{‘ Xp ~ Xg & '\/7 T‘%énibt
dpl') dml-, e; (X E%‘-: Xp ~ Xg @Et?‘g- . bl',
Ci Bxo~xe DRICEL [ =Cos[27/7] +iSin[27/7]] &LET.
COBFECHIBNTWBESC e+ 2+ = (-1++/-7) /2]

DY DD TENEF-> T ECLEY.
LUFOEE P LEBAND DT,

RIEDEREHOHHEL, BEEREOH TDclosed cell [CANTVET,

{b3, b4, b5, b6, b7} = Collect[PolynomialMod[{b3, b4, b5, b6, b7} /. rules, Cyclotomic[7,]],] /. { A4 ->--A2+1/2 (-1 +

Sqrt[-71)}// Simplify;

(16)
(17)
(18)
(19)

{c3, c4, c5} = Collect[PolynomialMod[{c3, c4, c5} /. rules, Cyclotomic[7,]],] /. { A4 ->-- A2 + 1/2 (-1 + Sqrt[-7])} //

| 3
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Simplify;

{b3, b4, b5, b6, b7}, {c3, ¢4, c5} (£(4)TT. FHMAL TS,

Zn"C‘a,-, b;,ci,di*,di, e h{Xo"' Xg & \/7 THRINZELE. 'fﬁ”i(i‘t& [FROERICEYET,
In[3431]:=
b3

Out[3431]=
7(—2x03—2x13—2x23+x22x3—j 7 x22x3 +x2x3%+1 7 x2x32-2x33 1 x22 x4 - 1 \J7 x22 x4 +

2X2X3 x4+ x32 X4 -1 7 Xx32 x4 + x2x4% + 1 A7 x2x4% + x3x4% + i \J7 x3x4% - 2 x4% + x22 x5 +
i 47 x22X5-5x2Xx3X5+ 1 47 X2 X3 x5+ x32x5 -1 /7 X32X5-5xX2 X4 X5 - 1 7 X2 x4 X5 +
2 X3 X4 X5 + x42 X5 — i /7 X4% X5 + X2 x5% - 1 /7 x2X5% + X3 X5% + i 47 x3x5% + x4 X5% + i /7 x4 x5% -
2x5% +x22x6 - 1 V7 X22X6 + 2 X2 X3 X6 + X32 X6 + 1 7 X32X6 + 2 X2 X4 X6 — 5 X3 X4 X6 +
i A7 X3 X4 X6 + x42 X6 — i /7 X4% X6 + 2 X2 X5 X6 - 5 X3 X5X6 — i /7 X3 X5 X6 + 2 X4 X5 X6 +
X52 X6 — i V7 X52 X6 + X2 X6% + i /7 X2 X6 + X3 x6% - 1 7 X3 X6 + X4 X6 + i V7 x4 x6% + X5 X6 +
i V7 x5x6% - 2x6% + x1? (X2 -1 V7 x2+ X3 -1 V7 X3+ X4 +1 \7 x4+ X5-1 \7 X5+ x6+1i V7 x6) +
x@z(xl—j 7x1+x2-1 47 X2+x3+1 N7 X3+ x4-1 V7 X4+x5+1 N7 X5+x6+1i 7 x6) +
XL ((1+17)x22+ (1+1 47 ) x3%+ (<51 4/7) x3x4+x4% - i \[7 x4? +
2X4 X5+ X5% + 1 /7 X5%2 + 2X4 X6 - 5X5X6 + i V7 X5X6 + X6 - 1 7 X6+
2X3 (X5+X6) +X2 (2X3-5x4+1 V7 X4+2X5-5x6-1 V7 x6)) +
X0 ((1+i A7) x1%+ (141 +/7) x22+x3% -1 A7 x32 + 2x3 x4 + x4? + 1 /7 x4%+
2X3X5-5X4 X5+ 1 \/7 X4 X5+ X5% i /7 X5% +2X3X6 - 5X4 X6 — i \/7 X4 X6 +
2X5 X6 + X6% — 1 /7 X6% + X1 (2X2-5x3+1i V7 X3+ 2x4-5X5 -1 \/7 X5+2x6) +

x2(-5x3-]1 7 X3+2x4+2X5-5%6+1 7x6)))
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§3. N (#)DEERAZD 1 (EANFRRDI LT F-EED
1EEX)

Xop ~ Xg @kmgzﬁﬁﬂ'\ﬁ%ﬁ Sk t[}, {51, Sy — Az, S3+ A3, Sq4— Az, Sg+ Ag}
EWIMTPIDILTFT-RIE base & {EVET (F738 [REIfH] TF).
BH sy =0 | LIRELTVBDT s, [CIIZFTTTEEA.

In[3432]:=
{s1, s2, s3, s4, s5, s6, s7} = Table[SymmetricPolynomial[k, vars], {k, 1, 7}71;
base = GroebnerBasis[{sl, s2-a2, s3+a3, s4-a4, s5+a5, s6-a6, s7+a7},
Reverse[vars], MonomialOrder - Lexicographic]
0Out[3433]=

{a7 + a6 x@ + a5 x0% + a4 x0> + a3 x0* + a2 x0° + x0,

a6 + a5 x0 + ad x0% + a3 x0° + a2 x0% + x0° + a5 X1 + a4 x0 x1 + a3 x0% x1 + a2 x0° x1 + x0° x1 + a4 x1° +
a3 x0 x12 + a2 x0% x12 + x0* x12 + a3 x13 + a2 x0 x13 + x03 x13 + a2 x1* + x0? x1* + x0 x1° + x1°,

a5 + a4 x0 + a3 x0% + a2 x0° + x8° + a4 x1 + a3 x08 x1 + a2 x0% x1 + x0* x1 + a3 x1? + a2 x0 x12 + x0° x1° +
a2 x1% + x0? x13 + x0 x1% + x1° + a4 x2 + a3 x0 x2 + a2 x0% x2 + x0* x2 + a3 x1 X2 + a2 x0 x1 x2 +
x03 X1 x2 + a2 x12 x2 + x0% x1%2 x2 + x0 x1° x2 + x1* x2 + a3 x22 + a2 x0 x22 + x0° x22 + a2 x1 x2% +
x02 x1 x2% + x0 x12 x22 + x13 x22 + a2 x2% + x0% x23 + x0 x1 x2> + x12 x2® + x0 x2* + x1 x2* + x2°,

ad + a3 x0 + a2 x0% + x0% + a3 x1 + a2 x0 x1 + x0% x1 + a2 x1% + x8% x12 + x0 x1> + x1% + a3 x2 +
a2 x0 x2 + x0° x2 + a2 x1 x2 + x0% x1 X2 + x0 x12 x2 + x13 x2 + a2 x22 + x0% x2% + x0 x1 x22 +
x12x2% + x0 x2% + x1 x23 + x2* + a3 x3 + a2 x0 x3 + X0 X3 + a2 x1 x3 + x0% x1 X3 + x0 x12 X3 +
x13 X3 + a2 x2 X3 + x0% x2 X3 + X0 X1 X2 X3 + x12 x2 x3 + x0 x22 x3 + x1 x22 x3 + x23 x3 + a2 x32 +
x02 x32 + x0 x1 x3% + x12 x32 + x0 x2 x3% + x1 x2 x32 + x22 x3% + x0 x33 + x1 x3> + x2 x33 + x3%,

a3 + a2 x0 + x0% + a2 x1 + x0% x1 + x0 x12 + x13 + a2 x2 + x0% X2 + x0 x1 x2 + X12 X2 +
x0 x2% + x1 x22 + x2% + a2 x3 + x0% X3 + x0 X1 X3 + X1% X3 + X0 x2 X3 + X1 X2 X3 + x22 X3 +
X0 x32 + x1 x32 + x2 x32 + x3> + a2 X4 + x0% x4 + X0 x1 X4 + x1% X4 + X0 X2 x4 + X1 X2 X4 +
x22 x4 + x0 x3 x4+x1x3x4+x2x3x4+x32x4+xex42+x1x42+x2x42+x3x42+x43,

a2 + x02 + X0 X1 + x12 + X0 X2 + X1 X2 + X2% + X0 X3 + X1 X3 + X2 X3 + X3% + X0 x4 + X1 X4 + X2 X4 +
x3x4+x42+xex5+x1x5+x2x5+x3x5+x4x5+x52, xe+x1+x2+x3+x4+x5+x6}

[OXY ) basel [d EARFRE syl o EVDIABIE(TFEEITY. (k=2,..,5) FIZIEREEUME
WA TY,

[ %13 + X3 + X33 B Xq + Xp + X3, Xg Xp + Xz X3 + X3 X1, Xq Xp X3 ZFAVTERE

[#22 ] grb = GroebnerBasis [

{X1+x2+x3-p, XxIx2+x2x3+x3x1-q, x1x2x3-r}, {x3, x2, x1, p, q, r}]
{-r+ax1-px1%+x1%, g-pxl+x1>-px2+x1x2+x2%, —p+xL+x2+x3}
PolynomialReduce[x173 +x2”3 + x3~3, grb, {x3, x2, x1, p, q, r}]

{{3,2p-2x1+x2+x3, p>-q-px1-px2+x1x2+px3-x1x3-x2x3+x3°},
p’-3pq+3r}
F2EHRIT Ix® +x3 +x33 =

(X1 + X +X3) 2 =3 (Xg +Xa+ X3) (X1 Xa+XaX3+X3X1) +3 X1 X X3 ] #RLET,

| 5
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§4 T () MEERR ZM2

§4 -1 rmix, =
r‘l P6 + r‘z r‘5 + r‘4 r‘3 GD’F“E%‘%/{, <J’>{—F, Pmlxa)fﬁigﬁilim;&?‘a—>

INIE r % xo~ xs DRITEL, base [CKB[EH T TRKEVES. BHMathematicaTlE [T (E
[PolynomialReduce | #{F N7

- PolynomialReduce [poly, {poly,, poly,, ...}, {x1, X2, ...} ]
poly; [C&2T poly ZFEHILIZYARERY, KEBUAMIE ({a1, a2, ...}, b} DIETHY,
b [$F/INT, poly & ay poly, + az poly, + ... + b [ZZELL),

nior- [B] F=x23+yn3;
p={x*"2-y*"2-1, x+2y-7};
PolynomialReduce[f, p, {X, y}]
[{x, 1+y?}, 7-2y+7y*-y?}

I Ermix, £ xo~ X DX TERLUTCIL + T+ P+ +8=0] & [T + %2+ T=(-1+4-7)/2] Z{E>TH
HIZLEY.
In[3434]:=
{ro, ri, r2, r3, r4, r5, r6} = lagrange.vars;
In[3435]:=
rmix2 = PolynomialMod[ (r1ré +r2r5 +r4r3), Cyclotomic[7, £]]

Out[3435]=
3x0% - x0 x1 + 3 x1% - x0 x2 - X1 x2 + 3 x2% - x0 x3 - x1 x3 -

X2 X3 + 3 %32 - X0 x4 — X1 x4 — X2 x4 - X3 x4 + 3 x4% - x0 x5 - x1 X5 - X2 X5 -
X3 X5 — X4 X5 + 3 X5% — X0 X6 — X1 X6 — X2 X6 — X3 X6 — X4 X6 — X5 X6 + 3 X6°

RIZbase #E>T, rmix, 2fEHLET.
In[3436]:=
PolynomialReduce[rmix2, base, vars]

0Out[3436]=
{(0,0,0,0,0,3, -4x1-4x2-4x3-4x4-4X5-X6},

322 +4x1214xIx2+4x22 1 AXIX3+4X2X3 +4X32 1 AXI XA +4X2 XA + AX3 X4 + 4 x4% ¢
4x1x5+4x2x5+4x3x5+4x4x5+4x52+4x1x6+4x2x6+4x3x6+4x4x6+4x5x6+4x62}

N3 [rmix2=(0,0,0,7,-4X0 - --- +3x6)-base] + (-7 a2) #RLEITH, a2,a3,.. [FELZLZEIHROD
T, base[IEANTMVTY. #IC Irmix2 = (BHILERY) =-7 a2) £HVET.
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§4 - 2 rmixs = rg® rg + ri% rs + ry% rs OEH

£ rmixs B xo~ X DR TRLUTIL + ¢+ 2+ +08=0] & [¢ + {2+ *=(-1+\-7)/2] &fFE>TH
HIZLEY.
In[3437]:=
rmix3 =
(PolynomialMod [r4~2r6 + rl”~2r5 +r222r3, Cyclotomic[7, £]1] // Collect[#, £] &) /.
{E"4 5 -C-222+1/2(-1+Sqrt[-7])} // Simplify

Out[3437]=

1
—(6x03+6x13+6x23—3x22x3+j 7 x22x3-3x2x32-1 7 x2x32+6x3>-3x2%2x4+1i 7 x2%2x4 +
2

8X2X3x4-3x3% x4+ 1 7 x32x4 - 3x2x4% - i /7 x2x4% - 3x3x4% - i /7 x3x4% + 6 x4 -
3x22 x5 -1 A7 x22 x5 - 6x2x3 X5+ 61 A7 X2 X3 X5 - 3x32x5 + 1 4/7 x32 X5 - 6 X2 x4 X5 -
61 A7 X2 X4 X5+ 8 X3 X4 X5 -~ 3x42 x5 + 1 /7 x4% x5 - 3x2 x52 + 1 /7 x2 x52 - 3 x3 x52 -
i 47 x3x5% -3 x4x5% -1 47 x4x5%+6x5>-3x22x6+1 7 X2% X6 + 8 X2 X3 X6 — 3 x3% X6 -
147 x32X6 + 8X2 X4 X6 -6 X3 XA X6 + 61 /7 X3 x4 X6 - 3x42X6 + i \[7 x4 X6 + 8 X2 X5 X6 —
6X3X5X6 - 61 /7 X3 X5 X6+ 8X4X5X6 - 3X52%6 + 1 /7 X52x6 - 3 x2x6%— 1 /7 x2x6% -
3x3x6% + 1 V7 x3Xx6% - 3x4X6% - i 17 x4 x6%-3x5x6% - i /7 X5x6% +6x6> + i x0?
((3i+7)xL+ (3i+47)x2+3ix3- V7 x3+3ix4+~7 x4+3ix5-~7x5+31x6-/7x6) +
ix1? ((3i+7)x2+ (3i++7)x3+3ix4- 7 x4+3ix5+ 7 x5+31ix6- /7 x6) +
XL ((3-1~7)x2%+ (-3-147)x3%+ (-6-617)x3x4-3x4>+1 7 x4*+
8x4X5-3x52 -1 /7 x52+8x4X6-6X5x6+61 /7 x5x6-3x6%+1 7 x6%+
8X3 (X5 +X6) +X2 (8x3 -6X4+61 7 x4+8x5-6x6-61 7 x6)) +
x0 ((-3-1~7)x1%+ (-3-147)x2? -3x32+1 /7 x32+ 8x3 x4 - 3x4% — i /7 x4 +
8X3X5-6X4xX5+61 /7 x4x5-3x52+1 /7 X521 8Xx3X6-6x4X6-61 /7 X4 X6+
8X5x6 - 3x6% + 1 V7 x6% + X1 (8X2-6X3+61 /7 x3+8x4-6X5-61 /7 X5+8x6) +
x2 (-6x3-61 7 x3+8x4+8x5-6x6+61 7 x6)))

i3 base CHEMLTEMECBYERA. FEHRXTIEIROEKICHE>TVET. (G = base)

For the first invariant F1, we compute its normal NF
(F1) formby G.If it belongs to a basis of the free module of
invariants (i.e.its leading termdepends only on the x;) ,
we 1introduce anew indeterminate f1 and the polynomial
P1 :=NF (F1) - f1.Fromnowon,
the normal form procedure is modified and consists in reducing first by G,
then by P1, .
apolynomial being reducible by some Pionly if its leading termis the product
of the leading term of Pi by amonomial which is independent of the x;.

INICHEDE, ROMRICHEZEBVWET . (BREENISEBYCEROETEIRASGNTVNERA, £O
SHEAX DAEDTHEERHYEEA.) %3 rmix3, b3, 3, dp3, dm3 & base TRHKILERVERS, Z
NZNEBEEAXZFCLEREE5ZEY.
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In[3438]:=

Out[3438]=

{7— i

{Rmix3, B3, C3, Dp3, Dm3} =

PolynomialReduce[#, base, {x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5}][2] & /e
{rmix3, b3, c3, dp3, dm3}

2
(-35ia3+ /7 a3+2+47 a2x0 - 14ia2x1l -6 /7 a2x1 - 14 x0> x1 - 10 /7 x@* x1 - 14 i x0 x1? - 8 /7 x@x1? - 14 i x1° -

8 V7 x1® + 141 x0% x2 + 4 /7 x0? X2 + 141 X0 X1 X2 - 8 /7 x@x1x2 - 16 /7 x1> X2 + 14 i x0 x2% + 18 /7 x0 x2° -
10 /7 x1x22+2 7 x2° - 141 a2x3 + 6 \/7 a2 x3 - 141 x0?Xx3 + 4 \/7 x0? X3 - 42 i x@ X1 X3 - 12 /7 x0 x1 X3 -
281 x1%x3 -6 /7 x12Xx3 - 141 X0 x2 X3 + 16 4/7 x0X2x3 - 14 i X1 X2 x3 - 10 /7 x1 x2x3 - 14 i x22 X3 +
6 V7 x22x3 - 141 x0x3% + 2 /7 x0x32 - 281 x1x32-4 /7 x1x32- 141 x2x3%+4 /7 x2x3% - 141 x3% +
4 ~J7 x3> -2 /7 a2 x4 + 141 x0% x4 - 10 /7 x0? x4 - 16 /7 X0 x1 x4 - 14 1 x12 x4 - 18 /7 x1% X4 + 28 i X0 X2 X4 -
141 X1 x2 x4 - 20 \J7 x1x2x4 +14 1 X0 X3 X4 +2 A7 X0Ox3x4 -281x1x3x4+6 7 x1x3x4 +10 7 x2x3x4 +
6 V7 x32 x4 + 141 X0 x4 - 4 \[7 x@ x4 - 14 1 x1 x4? - 8 /7 X1 x4% + 2 /7 x2 x4 + 12 /7 x3x4% - 2 /7 a2 x5 -
2 4/7 x02 x5 - 141 xO X1 X5 + 2 \/7 X0 XL X5 - 6 7 x12 X5 + 14 1 X0 X2 X5 + 6 /7 X0 X2 x5 + 14 i x1 X2 X5 -
8 V7 X1 X2 x5 +2 /7 x22 x5 - 4 /7 x0x3X5 - 6 4/7 x1 X3 X5 - 141 x2 X3 X5 - 8 /7 x2x3 X5 - 6 /7 x32 X5 -
14 /7 X0 x4 X5 -4 /7 X1 x4x5 -141X2X4X5+6 V7 X2x4X5 +141 x3x4X5+2 7 x3x4x5-2 7x42x5>,
(49+71 47)a3+14i V7 a2x@+ (-49+ 71 7) a2x1+ (-49 - 211 7)) x@* x1 +
(-49 - 71 A7) x0x1? + (-49 - 71 7 ) x1® + (49 - 211 /7 ) x0*x2 +
(49-71 A7) xex1x2 - 141 7 x12x2 + (49 + 211 /7 ) x@ x2? +
281 V7 x1x2° + 140 N7 x2° + (-49-71 A7) a2x3 + (-49 - 211 /7 ) x@ x3 +
(-147 - 351 A7) x@x1x3 + (-98 - 421 /7 ) x1>x3 + (-49 - 351 /7 ) x@ x2x3 +
(-49 - 211 V7)) x1x2x3 + (-49 - 71 \7) x2>x3 + (-49 - 351 V7 ) x0 x3° +
(-98 - 281 7 ) x1x3% + (-49 - 211 /7)) x2x3% + (-49 - 213 7)) x3® - 141 /7 a2x4 +
(49 -21i 7)) x0? x4 - 14 i /7 x@ x1 x4 + (-49 - 211 /7 ) x1? x4 + 98 x@ X2 x4 +
(-49+ 71 A7) x1x2x4 + (49 - 351 7)) x0x3 x4 + (-98 - 56 i V7 ) X1 X3 x4 -
281 A7 x2x3x4 - 561 7 x32 x4 + (49 + 211 /7 ) x@ x4 + (-49 - 7i 7 ) x1x4? +
141 A7 x2x4% - 140 \[7 x3x42 - 143 7 a2x5 - 141 /7 x@* x5 + (-49 - 351 4/7 ) x@ X1 X5 -
421 A7 x12x5 + (49 -7 1 A7) x@x2x5 + (49 - 71 V7 ) x1x2x5 + 141 /7 x2* X5 -
281 A7 x0x3X5 - 421 7 x1x3x5 + (-49 - 71 /7 ) x2x3 x5 - 421 /7 x32 x5 -
281 V7 X1x4X5+ (-49 - 71 V7)) x2x4 x5 + (49 - 351 7)) x3x4x5 - 141 7 x4 x5,
(49-71 47)a3-14i V7 a2x@+ (-49 - 71 7 ) a2xL+ (-49+21 1 \7) x@* x1 + (-49 +7 i 7 ) xe x1? +
(-49+71 A7) x1®+ (49 + 211 7 ) x@*x2+ (49 + 71 7 ) x0x1x2 + 141 7 x1*x2 +
(49 -21i V7 ) x0x2® - 281 V7 x1x2> - 141 V7 x2° + (49 + 71 V7 ) a2x3 + (-49 + 21 \7) x@* x3 +
(-147 + 351 A7) x0x1x3 + (-98 + 421 7 ) x1>x3 + (-49 + 351 /7 ) x@x2x3 + (-49 + 21i /7 ) x1x2x3 +
(-49+ 71 A7) x22x3 + (49 + 351 /7 ) x0x32 + (-98+ 281 /7 ) x1x3% + (-49 + 213 /7 ) x2x3? +
(-49+211 A7) x3> + 141 7 a2x4 + (49 + 211 7)) x0% x4 + 141 /7 x@x1 x4 + (-49 + 21 i /7 ) x1? x4 +
98 X0 X2 x4 + (49 - 7i V7)) x1x2x4 + (49 +351 47 ) x0x3 x4 + (-98 + 5610 /7 ) x1x3x4 + 281 7 x2x3 x4 +
560 V7 x32x4+ (49 - 213 7 ) x0x4% + (-49 + 71 A7) x1x4% - 141 \[7 x2x4% + 14 i 7 x3 x4? +
141 A7 a2x5 + 143 7 x0* x5 + (-49 + 351 /7 ) x@x1 x5+ 421 47 x12 X5 + (49 + 71 A7) x@x2 x5 +
(49+71 A7) x1x2x5 - 141 7 x22 x5 + 281 /7 x@x3 X5 + 421 V7 X1 x3x5 + (-49 + 71 /7 ) x2x3 x5 +
421 A7 x32x5 + 281 7 XLX4X5 + (-49 + 7@ V7 ) x2x4 x5 + (49 + 351 7)) x3x4X5 + 141 7 x4 x5,
—2a2x1-2x0%x1 - 2x0x1% - 2x1% + 2x0% x2 + 2 X0 X1 X2 + 2x0 x22 - 222 x3 - 2 x8%x3 - 6 X0 x1 X3 - 4x1% X3 -
2X0x2x3 - 2X1x2X3 - 2%x22x3 - 2x0x3% - 4x1x3% - 2x2x3% - 2x3% + 2x0% x4 - 2Xx1% X4 + 4 X0 X2 X4 - 2X1 X2 X4 +
2x0x3x4—4x1x3x4+2x0x42—2x1x42—2x0x1x5+2x0x2x5+2x1x2x5—2x2x3x5—2x2x4x5+2x3x4x5,
217 a2x1-21 7 x0%x1 -21i /7 x0x12 - 21 /7 x1% + 21 /7 x0?x2 - 21 7 x8x1 X2 -
43 A7 x12x2+21 7 x0x2%2 - 41 7 x1x22 +21 47 a2x3+ 21 47 x0%x3 - 21i 7 x0x1x3 +
61 V7 x0x2x3 -21 A7 xI1x2x3 +21 V7 x22x3+21 A7 x0x32+21i A7 x2x32+21i /7 x3% -
21 V7 x0%x4 - 41 7 x0Ox1x4-21 V7 x12x4 - 61 V7 xI1x2x4 +21i 7 x0x3x4 + 41 \7 x1x3 x4 +
41 A7 x2x3x4+41 \J7 x32x4 - 21 7 x0x42 - 21 7 x1x4% + 41 \[7 x3x4% + 21 /7 x8xL X5 +
21'1WXQXZXS—Zj\/7x1x2x5—21'1\/7x2x3x5—41'1\/7x0x4x5+21'1\/7x2x4x5+21'1\/7x3x4x5}

£I'B3DLT(Leading Term)(& x; DR BD T, B3IFIHILZFTY. £oT Dp3%(B3-m1)CRIKILET .
(M1EB3D £ FI T AEZ L (indeterminate))
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In[3439]:=
DDp3 =
PolynomialReduce [Dp3, B3 -ml, {x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7}]1[2]
Out[3439]=
—2a2x1-2x0%x1-2x0x1%-2x13+2x0%x2+2x0x1x2+2x0x2%-2a2x3-2x0%x3-
6 X0 X1 x3-4x12x3-2x0x2x%x3-2x1x2x3-2x2%2x3-2x0x3%2-4x1x3%2-2x2x3%-
2x3%+2x0% x4 - 2x1% X4 + 4 X0 X2 x4 - 2 X1 X2 X4 + 2 X0 X3 X4 - 4 x1 X3 X4 + 2 X0 x42 -
2 X1 x4% -2 X0 X1 X5 + 2 X0 X2 X5 + 2 X1 X2 X5 - 2 X2 X3 X5 - 2 X2 X4 X5 + 2 X3 x4 X5

DDp3DLTIE x; DRXEDT, ML EHTY. £oT Dm3%{B3-ml, DDp3- m2}CRARILET . (m2(3
Dp3D&BIC AEEH) .
In[3440]:=
DDm3 = PolynomialReduce[Dm3, {B3 - ml, DDp3 - m2},
{x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7} ]1[2]
Out[3440]=
17 m2-417 x0x1x2-41i 7 x12x2-41i 7 x1x22+41i 7 a2x3+41 /7 x0%x3 +
417 x0Ox1x3+41 7 x12x3+81 7 x0x2x3+41i 7 x22x3+41 7 x0x3%+
417 x1x324+41 7 x2x324+41 7 x33-41 7 x0?x4-41 7 x0Ox1x4-41i \7 x0x2 x4 -
417 x1x2x4+81 7 x1x3x4+41i A7 x2x3x4+41 7 x32x4-41 7 x0x4% +
41 A7 x3x42+41 A7 xOX1X5-41 A7 X1 x2X5-41 /7 x0 x4 x5+ 41 /7 x2 x4 x5

DDM3DLTIE x; DHXBDT, MU ZEITY. Lo THRZIZRmix3 % {B3-m1, DDp3 - m2, DDmM3-m3} T
EHLET . (Mm3IIDM3DEFI T AEEE).

In[3441]:=
RRmix3 = PolynomialReduce [Rmix3, {B3 - m1, DDp3 - m2, DDm3 - m3},
{x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7}][2] // Expand

Out[3441]=
ml 21m2 7m3
-14a3- — +
14 4 4

ml, m2, m3(EZN%ZN B3, DDp3,
DDm3 @ [& &7 BDT {B3 -ml, DDp3 - m2, DDM3 -m3} [IERTNLTT,

b3 21dp3 7 dm3
SOTRmix3 #HLERYDAERXT, [rmix3 = -14 a3 - " + 4p o

1 ERYET,

Lo tEEBEMELETOYILAROD [relation] TF,

relation[{vl, v2, v3, -, vo}] T v, & vi~v, 1 DR TERLET.

U vi OABIE my T,

£ vi~vn g BRI Ty, B vi~vy OEKRTBEITTIVICAD>TVWBRENRLETT,

In[3442]:=

relation[polys List]:=Module[{vars,list,nbase,new,k},
vars={x6,x5,x4,x3,x2,x1,x0,A2,A3,A4,A5,A6,A7};
list=Simplify[PolynomialReduce [#,base,vars] [2]&/@polys];

k=1;

nbase={1list[1]-m1};

Do [k++;new=Simplify [PolynomialReduce [1list[k] ,nbase,vars] [2] ] ;AppendTo[nbase,new-ToExpression |
Expand@Simplify [PolynomialReduce [Last[list] ,nbase,vars][2]]]

rmix3 & I ZEHODES {dm3,dp3, b3} TERIEEE, BHIRERORICADLET. BREILOD
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In[3443]:=

Out[3443]=

RRmix3 & —2 LY.

relation[{dm3, dp3, b3, rmix3}]

7ml  21m2 m3
+
4 4 14

-14 a3 -

[OXVR1)2ZT BIRIE B3EDp3DMEICC3 £EZBERDERICHYE
ER

CC3 =
PolynomialReduce[C3, B3 -ml1, {x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7}][2]

98 a3 -ml - 98 a2 x1 - 98 x0% x1 - 98 x0 x12 - 98 x13 + 98 x0% x2 + 98 x0 x1 X2 +
98 x0 x22 - 98 a2 x3 - 98 x0% x3 - 294 x0 x1 x3 — 196 x1° x3 - 98 x0 X2 x3 - 98 x1 x2 X3 -
98 x22 x3 - 98 x0 x3% - 196 x1 x32 - 98 x2 x32 - 98 x33 + 98 x02 x4 - 98 x12 x4 +
196 X0 X2 x4 — 98 X1 x2 x4 + 98 X0 x3 x4 - 196 X1 X3 x4 + 98 x0 x42 - 98 x1 x4? -
98 X0 X1 X5 + 98 X0 x2 X5 + 98 x1 x2 x5 - 98 x2 x3 x5 - 98 x2 x4 x5 + 98 x3 x4 x5

DDp3 = PolynomialReduce [Dp3, {B3 -ml, CC3 - m2}, > -2a3+ ’"1;9’"2
{x6, x5, x4, x3, x2, x1, x0, a2, a3, a4, a5, a6, a7} ]1[2]

DDp3 DLTIE x; DR THRLNS, Dp3(dMiIZEH THYFHA.
+0HKIF [dp3 =-2a3+1/49 (b3+c3 )] &RLET.

[V R2) JUTH-EEZEEETETR, RF4IA2T20T, BEATELGENISDEL
f.
rmix3 - (14s3-b3/14+21/4dp3-7/4dm3) // Factor

% (X0 + X1 + X2 + X3 + X4 + X5 + X6)

(5x02+24xex1+5x12+24xex2+24x1x2+5x22+24xex3+24x1x3+24x2x3+5x32+

24 X0 X4 + 24 X1 X4 + 24 X2 X4 + 24 X3 X4 + 5 X42 + 24 X0 X5 + 24 X1 X5 + 24 X2 X5 + 24 X3 X5 +
24x4x5+5x52+24x0x6+24x1x6+24x2x6+24x3x6+24x4x6+24x5x6+5x62>

X0 + X1 + X2 + X3 + X4 + X5 + x6 = 0] LIRELTNZDT,
BEMIC [rmix3 = -14a3-b3/14+21/4dp3 -7 /4dm3] TS, (a3 = -s3TY. )

(AAVR3) [JLIFT-EEDBAIEFENALOELS] OmAZRELELE. REFBRVE &
EZOEENDNGT, HBRORALITER T rmix3 % a3,b3, dp3,dm3 TERIDENS, a3,b3, dp3,
dm3 DT LI FT-EEGEE>T, rmix3%Z GCHENINER VWO T2 EBoTWELE, LALILTS
-EEMITBRB->TEETEEHA. ZITEEDOPYAEZTEZRYELILEIEER, ZOVYA
ZHLCRTHBE, BIZIEIROFRIRADAEAXDEERERHIDIC, ERBMOEARSHRADIL
TH-EENSAT-FLTVEY, E(C[H={B3-m1, DDp3-m2, DDm3 - m3}AL I LI F-EETIE
BLWDT, HCEWLTE—RITRESHBWNET. JoTHOI LI F-EEZRHTHGREHILAENEN
FRVEBLTVELER, E5VoRHILERERN 28BN EER, [BFZEATE, —ERITR
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FRHVTY. FIRE ROFERE RRmix3 E—RUET.LALEITEBEIELGVES. BIZETO
SHEL0.7MTY. {dm3,dp3, b3, rmix3} Tl 0.2# TLLE.

relation[{b3, dp3, dm3, rmix3}]» -14a3- % + ZlT’"Z - T—z

JUITF-EERAL [CENRNTY,

§4 - 3 rmixg = P> rg + Py Pa° Ps + 1y P12 Py DR

b4, c4,dp4 dm4 DRI THBRILERHDE, HE[CENTEET,

In[3444]:=
rmix4 = (PolynomialMod[r4 r222r6+rir4~2r5+r2ri~2r3, Cyclotomic[7, £]11) /.
{E"4 5 -C-£72+1/2 (-1+Sqrt[-7])} // Simplify;
relation[{b4, c4, dm4, dp4, rmix4}]

out[3445)=
98a4 ml m2 49m3 49m4
-— +— 4 +

3 42 21 12 12

98 a4 b4 Cy 49 d4+ 49 d4_
- — — + +

3 42 21 12

I3 Trmix, = - | ZERLET,

§4 - 4 rmixs = ri* rs + rt rg + rt re O

INE b5, c5,b3 s2,e5,dp5,dm5 ML THEIILERHDE, MHEICHHUTELYT., UTOHER
20 (FEHMVET )

In[3446]:=
rmix5 = (PolynomialMod[r174r3 +r2”24r6+r4~4r5, Cyclotomic[7, £11) /.
{Er4 5 -C-£72+1/2 (-1+Sqrt[-7])} // Simplify;

In[3447]:=
relation[{b5, c5, b3 s2, e5, dp5, dm5, rmix5}]

out[3447]=

3ml m2 343 m5 343 m6
+— +m3+7m4 -
14 7 4 4

-343 a5 -

3b; ¢ 343ds* 343 ds
TN Trmixs = -343 a5 - —— + — +bya,+7 eg - > >
14 7

1%&RLET.
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FADETE TIEZORRIC cs DFRERIL 1 / 7 EBYELED,

()
rirg+rors+rar3=-7a,
1 21 7
r‘42r‘6+r‘12r‘5+r‘22r'3:—§b3+7d3+—zd3 -14 a;
2 2 2 1 1 49 ;. 49 4 - 98
Prar P +P1P“Ps+PP“r3s===¢c6,-—by+=d;,"+=d;,-=a
42614521321442412412434

r‘14r'3+r‘24r'6+r‘44r-5:7e5+%cs—ibs—%—%+b3az—343a5

ERXOBEDEK, ~ky EEBLE, rq, ry, rg RFOTVWBEET,
RDrs, re, re ICBATREL—RAEREBYET,
EBDITHmatDrankh'3LL EBSE, ry, rg, re B r DR TEREET.

Out[3452]=
rl r2 r4 6 k1
ra? ri? r22 r k2

r5
r22r4 ri1r4? ri1?r2 3 k3

r24 r4* r1* ka
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§5 mat DITH =

(16), (17), (18) DA LHMMEZ1TFImatD1TFI =% det (16, 17, 18)
BELE, UTORICRYET. (R THdet3D b ORI (- 2)EBoTVELE. ZZRFADE

BREREHEELLR)

detl - det (16, 17, 18) -% bg - — b;?2 (20)

49
—b7—%b3b4 (21)

4—19 bs2 - ﬁ by bs (22)

det2 - det (16, 17, 19)

det3 = det (16, 18, 19)

X970 % DA TERLET,

In[3453]:=
detl = Det[mat[{1, 2, 3}71]

det2 = Det[mat[{1, 2, 4}1]
det3 = Det[mat[{1, 3, 4}11]

Out[3453]=

r1° r2 + r2° r4 - 3r12 r22r4? + rir4®
Out[3454]=

r1l’ +r2’ - r1?r2* r4 - r1* r2ra? - ri1r2® r4® 4 ra’
Out[3455]=

r1? r2° - r1*r2’ r4 + r1® ra® - rir2* ra® - r1’ r2 ra* + r2% rat

FFRX T [#814] LRARDTTE (r & by IBEDTLVIT-EIE) TRHOTWEIA,
FEZEZE [RE14) TEZOAENBIIRTERNEDT,
CCTIRIMIL%E xo~ x¢ DRICEL, §3D [relation] TAERALEY.

1. ETEBMIDEFEENMDBOT, textoH T, EROAFRRLET.

detl =det1 /. AssociationThread[{r0, r1,r2,r3, r4, r5, r6} -> lagrange . vars];

detl = (PolynomialMod[det1, Cyclotomic[7, {]] // Collect[#, ] &) /. {{74->-- {72 +1/2 (-1 + Sqrt[-7])}//
Simplify; (+xo~Xs D ICE T *)

relation[{b6,b3/2, detl1}]

ml m2
In[+ ]i= —=— - —
7 49
ZniE det1 - % "_jj E%UET
7 4

2. EITRRENHEENNBDT, textioA T, EROAKRRLET.

det2 =det2 /. AssociationThread[{r0, r1,r2,r3, r4, r5, r6} -> lagrange . vars]
det2 = (PolynomialMod[Simplify[det2], Cyclotomic[7, {]] // Collect[#, {] &) [.{{"4 ->-T- {2 +1/2 (-1 + Sqrt[-7])} ;
relation[{b7, b4 b3, det2}]

4 m2

-ml - ——
49
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In[+ ]:=

In[« ]:=

Out[«]=

Out[«]=

NiE [det2 = -by - 419 bs; b,| &R LET.

3. ETERN10DEENDBDT, textiEeR T, EROARRKLET,

det3 =det3 /. AssociationThread[{r0, r1,r2,r3, r4, r5, r6} -> lagrange . vars];
det3 = (PolynomialMod[Simplify[det3], Cyclotomic[7, {]] // Collect[#, {] &) [.{{"4 ->-T- {2 +1/2 (-1 + Sqrt[-7])} ;
relation[{b472, b5 b3, det3}]

ml 3m2

49 196

TS b2 b, by ELET.
49 196

[IXVF] BTl [det3 - 4_19 b2 é by be] EASTVELER, THESATURLEBNES,

BIZ L Tvars={x0, x1, x2, x3, x4, x5, x6} - {1,-1,1,-1,1,-1, 0} | ZX AL THENHELT.

det3 =det3 /. AssociationThread[{r0, r1,r2,r3, r4, r5, r6} -> lagrange . vars];

det3 = (PolynomialMod[Simplify[det3], Cyclotomic[7, {]] // Collect[#, {] &) [.{{"4 ->-C- {2+ 1/2 (-1 + Sqrt[-7])};
det3 +1/49 b4A2 + 3/196 b3 b5 /. AssociationThread[vars -> {1, -1, 1, -1, 1, -1, 0}] // Simplify

det3 - 1/49 b4A2 +3/196 b3 b5 /. AssociationThread[vars -> {1, -1, 1, -1, 1, -1, 0}] // Simplify

22050
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§6 (#)7‘.—)\6/’3,r5,r67&r10):_5t—6‘43§_§_

[Formulal.nb] &Y by =--- =bg=0, b; #0], [by =0, bybsbgb; + 0],
by + 0] MIBYEERBLRL. ZOEERNEKYILOD,

by=--=bg=0, b, +0DEE det2 = det (16, 17, 19) # 0
b; =0, bybsbgb; + 0DEE  detl = det (16, 17, 18) # 0
b; + @ DESE detl = det (16, 17, 18) # @ fzlddet3 =

det (16, 18, 19) + 0

02203860, —FTOHEBLoHEAE.
Ry = ry/ BAHETIRARRER (x) &BKE, [Formulal.nb &K (12) ] &Y, RETOR

In[3456]:=

ClearAll[b3, b4, b5, b6, b7, R]

In[3457]:=
R[{b3_, b4_, b5 _, b6_, b7_}] =
5 b3 ba 5 b32b4?> b33b5 b4ab5%> b3b5b6 b3\ 7
x+( +b7)x+— x+( )

14

- - +

14 9604 38416 1372 1372

CDEETO/BENRYIIEET.
[#5816) [bs + @] N D detl = det3 = @ MEE, RIE3JMEEED
R TIRUTORICHRATVEY, (BBREAPLEELTNED)

Let us consider the Grobner basis of the relations between the b;, named Gb2 in the
proof of Proposition 14. The hypotheses is that we have three more relations 7 bg + bs? =
0,4 by’ +3 by bs=0 and b3 v-1=0, the latter, which introduces a new variable, implying
that b3+ 0. Adding to Gb2 the left hand sides of these relation, let Gb3 be the Grobner
basis the lexicographical ordering v>b;>bg>bs>b,> b, . The first element of Gb3 is the
square of 112 b3 +27 bs*. Let Gb4 be the Grobner basis for the same ordering of the
ideal which is obtained by adding this polynomial to Gb4 . This Grobner basis consists in
8 binomials . Now, let us consider Equation 12, which has r1’,r2” and r4" as roots. It has
the shape R3+AR;2+B Ry +C where A, B, C are polynomials in the b;. Its three roots are
equal if and only if 3B - A% and 27 C- A% are both null.As the normal forms by Gb4 of
these two polynomials is null the lemma is proved.

%9 [Formulal.nb] &YUGb2(TRDEKIC, FF-IREBX TIEGbIIIRDERICHYET,
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In[3458]:=

Out[3459]=

In[3460]:=

Out[3460]=

In[3461]:=

Out[3461]=

In[3462]:=

Out[3464]=

Out[3465]=

Gb2 = {b3°5-16b3b4"3+20b372b4 b5 +28b5~3 - 4b3~3b6 - 112 b4 b5 b6 + 112 b3 b6~ 2,
b372b4 + b5~2 - 4 b4 b6 + 14 b3 b7,
-b374+16b4”3+8b3bab5 +4b37°2b6 - 112 b6°2 + 392 b5 b7} ;
Gb3 =
GroebnerBasis[Join[Gb2, {7 b6 +b3~2, 4b4~2+3b3 b5, b3v-1}], {v, b7, b6, b5, b4, b3}]

{-729b3°% + 12096 b3* b4’ + 12544 b4®, 4b4” + 3b3 b5, 243 b3’ - 4032 b3® ba® + 3136 ba” b5,

-81b3°% + 1344 b3 ba® + 784 b4a? b52, 27 b3° - 448 b3 b4> + 196 b53, b3 + 7 b6,
11b32b4 +7b5% + 98 b3 b7, 81 b3° - 112 b3 b4> + 16976 ba? b7, -81 b3* + 112 b4 + 8232 b5 b7,
- 65 b3? ba? - 35 b4 b5® + 4802 b7?, -1+ b3 v, 3b5 +4b4% v, 11 b3 b4 + 98 b7 + 7 b5% v}

LA LEHEDLSIC,
[(112 ba® + 27 b3*) 2 _ 729 b3® 1 6048 b3* ba3 + 12544 ba® | AERNFHA. —7H,
FSDIATVESTIELT (4 b2 +3 b3 bs > 4 bs>—3 by bs] £TBE, BoALIEANET.

Gb3 =
GroebnerBasis[Join[Gb2, {7 b6 + b3~2, 4b4~2-3b3 b5, b3v-1}], {v, b7, b6, b5, b4, b3}]

{729 b3® + 6048 b3* ba> + 12544 b4®, ~4 b4® + 3b3 b5, 243 b3’ + 2016 b3® ba® + 3136 ba” b5,

81 b3® + 672 b3? ba® + 784 b4? b52, 27 b3 + 224 b3 b4® + 196 b5, b32 + 7 b6,
11 b32 b4 + 7 b5% + 98 b3 b7, -81 b3° + 560 b3 b4> + 10976 b4 b7, - 81 b3* + 560 ba> + 8232 b5 b7,
~4b3% b4’ - 4b4 b5% + 343b7%, -1+ b3V, -3b5+4b4’v, 11b3 b4 + 98 b7 + 7 b5 v}

D%, RimXICRE-OTGhba%EKHET,

Gb4 = GroebnerBasis [Append [Gb3, 112 b4~3 + 27 b3”~4], {v, b7, b6, b5, b4, b3}]

{27b3% + 112b4%, -4 b4% + 3b3 b5, 9 b3’ + 28 b4 b5,
3b3?b4 +7b5%, b3? +7b6, 4b3b4 +49b7, -1+ b3 v, -3b5+4ba’ v}

RIZTpolyl = 3B- A%, poly2 =27C-A*] ZRHT, GbATHKYLET

Clear[b3, b4, b5, b6, b7]

{$A, $B, $C} = CoefficientList[R[{b3, b4, b5, b6, b7}], x, 3] // Reverse;
polyl = 3$B - $A~2 // Simplify

poly2 = 27 $C - $A~3 // Simplify

-208 b3? b4? - 3 b33 b5 - 84 b4 b52 + 84 b3 b5 b6 - 5488 b3 b4 b7 - 38416 b7?

38416

27 b3’ b3 b4 3
- ( + b7]

105413504 14



In[3466]:=
PolynomialReduce[polyl, Gb4, {b7, b6, b5, b4, b3}][2]
PolynomialReduce[poly2, Gb4, {b7, b6, b5, ba, b3}][2]

Out[3466]=

0

Out[3467]=

0

IS, Tbs 0] MD [detl = det3 = 0] DEE,
R [I3E=MBEIHFSES. LHL by + 0 O, RAEMREZIF UL FARTHERE]
DT (RHBXZSH) [by + 0 DEXdetl + 0 £f-lddet3 + 0] EHVET,

UEXY, #Fllr;, rs, rg [E r; ORXTERINZET .

FormulaPart2.nb | 17
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§7 TEERDZFEVA

r’ =R, D7FARELZEE 7 BYOEW AR HYFITH,
EDESCELTE [ = 0] DEEESEIEDYEEA.
BIZIE Try > ry € (CR1OFIR7RIR) | T 5L,
[Formulal.nb] ® (13) (14) &Y Tr, 5 ry 22, ra—rg 4. SBIC (16) ~ (19) &V,
Py, s, e RO [Py 5 r3 82, rs 5 rs £°, rg o g C°) BREBVET,
EZANLagrangeDBEELY, 20 r OEHE(CEOTUL xo~Xxs DIERFEDYEEA.
RO TIEREEDRIGEATERIIEDYZEA.



