ﬁﬁo)./b\\ft %0)1 (rl, [, g ;Ej?&)%) with
Mathematical4.0

R -
§0 ZE 1
in[-]:= ClearAll["™ %"]

F35¢ (GREL TS

findF12G12[f_] := Module[ {f35, factors, posl, pos2, fi2, d,R1,R2, fi2factors,u,v,fp,fm,gl,g82,s
Clear[al,a2,a3,a4,a5,a6,a7];

f35 = F35 /. AssociationThread[{al, a2, a3, a4, a5, a6, a7} - ReverseeCoefficientList[f, x,

factors = FactorList[f35];

posl = Position[Exponent[factors[All, 1], x], 14][1, 1];

f12 = factors[posi] [1];

d = SqrteDiscriminant[f12, x];

fi12factors= FactorList[f12, Extension - d];

pos2 = Flatten@Position[Exponent[fl2factors[All, 1], x], 7];

{$f1,$f2} = (Expand [#/Coefficient [#, x, 7]] &) /@fl2factors[pos2] [All, 1];

u=- (t1+t2) /14+ (t1-t2) / (2Sqrt[-7]) ;

v=- (t1+t2) /14- (t1-t2) / (2Sqrt[-7]) ;
fp=($f1/.{x>u}) + ($f2/.{x->Vv});
fm=Sqrt[-7] (($f1/.{x-u}) - ($f2/.{x->Vv}));
gl=GroebnerBasis[{f/.{x~ (t1+t2)/7},fp,fm}, {t1}, {t2}][1];
$g1l-If[Coefficient[gl,t1,7]=!=0,Expand[#/Coefficient[#,t1,7]]1&[g1]/.{tl-Xx},
R1=Resultant[f/.{x- (t1+t2) /7},fp/.{u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant [f/.{x- (t1+t2) /7},fm/. {U->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
PolynomialGCD[R1,R2,Extension-Automatic];
gcdl=PolynomialGCD [R1,R2,Extension-Automatic];
Expand[gcdl/Coefficient[gcdl,t1,7]]/.{t1l-x}];
g2=GroebnerBasis[{f/.{x~ (t1+t2)/7},fp,fm}, {t2}, {t1}][1];
$g2-If[Coefficient[g2,t2,7]=!=0,Expand[#/Coefficient[#,t2,7]1&[g2]/.{t2-Xx},
Rl=Resultant[f/.{x- (t1+t2) /7},fp/.{u->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
R2=Resultant [f/.{x- (t1+t2) /7},fm/. {U->- (t1+t2) /14-Sqrt[-7] (t1-t2) /14,v->- (t1+t2) /14+Sqrt[-7]
gcd2=PolynomialGCD[R1,R2,Extension-»Automatic];
Expand[gcd2/Coefficient[gcd2,t2,7]]/.{t2-x}];
If[$gl===x"7, {$f1,$f2,$g1,$g2} ={$f2,$f1,$82,$g1}1;
Return[ {$f1,$f2,$g81,%$82} 1]

(#FindF3(3$F1, $F2NAARELRNDT, findF12G12H'BE[CEITSNTVBZEIBHE )
findF3[f_] :=Module[ {R1,R2,gcd3},

R1l=Resultant[f,$f1/.{x-> (t-Xx)/2},x];
R2=Resultant[f,$f2/.{x> (-t-Xx) /2},X];
gcd3=PolynomialGCD[R1,R2,Extension-»Automatic];

$f3= (Expand [#/Coefficient [#,t,7]]&[gcd3]) /. {t->Xx}]
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§1.r,,1,, rs DEIRE
LY

- Gl= (X- (PrL+r2+rd)) (X- (ErL+E72r2+E7Ard)) (X- (E~2rl+Z 4r2+2rd))
(X- (EA3r1l+E"6r2+E75rd)) (X- (EAArl+Er2+2°2r4))
(X- (EA5r1+E73r2+E76rd)) (X- (EA6r1l+EA5r2+E73rd));

TNETLCa et e 28 = o) EESTEMT B,
in[- = G1 = PolynomialMod [G1, Cyclotomic[7, £]] // Collect[#, x] & // Simplify
r17 o r27 - 7r12r2% ra -7 P14 r2r4% - 7Pl P22 rat - ra7 -

7 (r1°r2+r2°ra+ r1? r22 ra? + r1ra®) x - 14 (r1’ r2? + r2’ ra? + r1? ra?) X2 -
7 (r1r2>+r1’ra+r2rd®) 3 -14r1ir2rax*+ x’

INE X7 +by X8+ by x® + by x* + by X3+ bs X%+ bg X +

b, ELERTHLERTBE [by = by, = 0] B DT OXAKYIIEET,
Triror,=-bs/14
rir>+rord+rard=-b, /7

|"15 |"2+|"25 |"4_+|"4_5 r = —b6/7—b32/197

(6
(7
@) 1 rdr2erdr2irdr2=-bs /14 (8
(9
ri/+ry’ +r,” = -b;-byb, /14 (1




§2.

In[« ]:=

Out[«]=

In[« ]:=

Out[«]=

In[+ ]:=

Out[«]=
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ry,r,ra KDDL (b0 DES)

(b0 DEE|ELTHYFETH, TOARD(13)(14) UM ET b3=0 DEZIERYIIEEY. STHDERK
31T T7IWDI VT FT—EEEZEY ryyra e DR TERLES. R TlEMapleZFE>TWT(H'D
MapleDJ L7 —E[E([EMathematicaD LU S HEBEDERBDT) ZNEEZICHBIRT 3 EIFTEXHAT
L. BIRIE, RF@X T, [hy=0 DL (ths-1)&#) MR TAT 7Dt EEELEI LI F-EHIEE
EY1.58), ZNHBECr, ZEHELTVWREITIN, FEWDHDNEr, EEELELE. Z05TE29
(ZEHENBDT, TOIVYFETFAMERT, fEERldclosed cellCANTHYZET.

gb = GroebnerBasis[{rl r2 r4 +b3/14,r1 r2A3 +r2 r4"3 +r4 r1”3 +b4[7,r173 r2A2 +r2/3 r4"2 +
r473 r172 + b5/14,r1A5 r2 + r27A5 r4 +r475 r1+ b6/7 + b3722/196, r1AT + r2A7 + r47A7 + b7 + b3
b4/14},{r2,r1, b7, b6, b5, b4, b3}, { ra}];(gbDFER(IL TT. FHMLTLEZEL)

gbl& 209 EDRNGRRYIIEETH, THD3HIE by ~b; DEIRIA T,
gbl1 ;; 31

{b3° - 16 b3 b4’ + 20 b3 b4 b5 + 28 b5> - 4 b3® b6 - 112 b4 b5 b6 + 112 b3 b6?,
b3% b4 + b5% - 4 b4 b6 + 14 b3 b7, -b3* + 16 b4’ + 8 b3 b4 b5 + 4 b3? b6 - 112 b6” + 392 b5 b7}

by~ b, UADZTHEEZBL, Bkl r OHORTT,
gb[4] // Collect[#, {r1~7, r1~14}] &

b3’ + (-10976 b3? ba? - 2744 b3> b5 - 76 832 b4 b5* + 76 832 b3 b5 b6 ) r1’ +
(7529536 b3 b4 + 105413504 b7) r1* + 105413504 r1?

NS r [DVTORARANESNET.
FE57RE ry &, O DD ry (OVWTELRTINS ry B ey DR TEREET.

= gb[57] // Collect[#, {rli, r2}] &

(-2b3° + 56 b3” ba® - 56 b3® b4 b5 + 392 b4® b5 - 196 b3 b5° - 14 b3* b6 - 392 b3 b4 b5 b6) r1? +
(-10976 b3 ba® + 2744 b3% b5 - 38416 b5 b6) r1’ +
(-b3° b4 + 28 b3? b4® b5 - 14 b3® b5* - 28 b3’ b4 b6) r2 +
(196 b3* + 18976 b4’ - 2744 b3 b4 b5 + 76832 b6*) r1’ r2

r2 /. Solve[% == 0, r2] [1] (+r,Zr, C&RLER*)

- ((2 (b3°r1® - 28 b3% b4® r1® + 28 b3’ b4 b5 r1? - 196 ba? b5? r1? + 98 b3 b5 r1® + 7 b3* b6 r1? +
196 b3 b4 b5 b6 r1? + 5488 b3 ba® r1® - 1372 b3? b5 r1”® + 19208 b5 b6 r1°) ) /
(b3° b4 - 28 b3 b4’ b5 + 14 b3® b5? + 28 b3® b4 b6 - 196 b3* r1” - 10976 ba® r1” +
2744 b3 b4 b5 r1’ - 76832 b6° r1’) )
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ﬁ&‘:, R1 = r‘17 t})\<t, R1 (IZ’(@B%’(??EE%@@@—C‘, R1 ®7§¢E_@%5 rq Eﬁ&&)ét,
ro, ra BRFVES. Frr,’, r, BRILIRARADETT.

rb_:; = b4 = b5 = b6 =0 _C‘@L\H%J = ri, ra, g Esky)é(bx\fﬁ

Ry = I"17

2} 2 3 2 7
R13+(b3b4 +b7) R12+(_b3 by  b3"bs  bybs + b3b5b6) R1+<ﬁ) -9
14 9604 38416 1372 1372 14

Ry (5488 b3 b,® ~1372 b3 bs +19 208 bs b ) +A
Ry (-196 b3*-10976 b,> +2744 b3 b, bs-76832 be ) +B

r,=-2r.%.
~bs
14 r,ry
A =Dbs®-28b32b,> +28 b33 by bs -
196 by bs? + 98 b bs> + 7 by* bg + 196 bs by bs bg
"B =bs’ by -28b3% b2 bs + 14 b33 bs? + 28 b33 b, bg

ry =

WAZHET by = by = bs = bg =0 THW\WE] EHYEITHINIFERLET.
RECDBRAKGERLIE (12) NERERLRVIENEZIDT (&),
[(13) OB EDFHECe] LB, (12) OEEBEYICERBIENHIEET.
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§3. F1,F,l4 7&*%5@ﬁ(b3:0 0)(\:.3)

[by = 0] DEEE (12) (FRYIZBEIH, by = b, =0] DEEEFE (13)
(14) [FARBILTY, (6) &Uriryr,=0.22TCr, =0 ELTE—MMEZLVEHA.
IDEZ (7), (8), (9), (10) &Y

riry>=-by/7 (7)"
ri2r,2=-bs/14 (8)°
ri°r,=-bg/7 (9) "
ri/+ry,) = -by (10) '

§3-1 b3:b4:0 o)tg

[P =0 % Er,=0] ¥B30DT by =b, =bs =bg = 0] EBYET,
ZZTIry =0 ELTEBWEHRA. (10) " &Y ry” = —b,. #ICry = 7/-by

[by =0 DEEEry =0 &BY [ry~re & ry TRI| EWSBMICEXEZEA. LHL,
COBFRTICdoTEMMT B [, o F,, g1 o gl LBBN5, IOH L g, TERBE
(FABERITHAIEND) [bs = by = bs = bg = by = 0] LRBILEFBRNTT.

§3-2 b3=0, b,#0 DEE

~bsb
[(8) "% (9)' /(7)) & r7 = =21,
14 b,
-bsb Zb
Ic (A) |—|"1: F_] E (9) "' &Y (B) |—|~2: 2 4_]
14 b, bs
2 by bs?
Ffr, by =0MEE (12) [F TRy = 0] FEIE  (C) TRZ+byRy+ |- o |77

[(7)" (9) " = ((8) ")2] &Y [bs? = by bel. INEESE
[Py &y 3 (C) M2fRTHBE] L [(13) & (B) "—BTEE] H"EXET.

WIS, Z0BEER by £ 0] DJ/IEDOA (12), (13), (14) BERYIIDIENRDMVET.
BI5 [b; + 0] DIFBICHATEXRY. (RRXTEHMEEET, 3 20CHUTNET)
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§4 H%& 2D

(12) DAEHEREEZET.

bs b,
14

14

+

9604 38416 1372 1372

+b7

i [ ) (b32b42 bs>bs by bs? b3b5b5) (b3)7
in[-]:= R=X + X+ |- - - X + ;

1. F=x"-2x"+x*+4x>-x*-4x+3 (Gal = Fyp)

9, g1& {b3, b4, b5, b6, b7} ZRHET

- Fax —2xP+x*+4x3-x*-4x+3;
findF12G12[f];
g1 = %[3]
{b3, b4, b5, b6, b7} = CoefficientList[gl, x, 5] // Reverse
Out[«]=
381759 108045 \/E 220549 x 64827 413 x

+ +
2 2 2 2
R , 2401 x> 1029 /13 X3 .
20580 x% - 6174 /13 x* - + +196 x* + x
2 2

Out[«]=

2401 1029 +/13 220549 64827 413 381759 108045 /13
+ , 20580 - 6174 /13, - + s -

{196, -
2 2 2 2 2 2

RIZREZDf#EsolZKHET

n[-1= R /. AssociationThread[ {bs, bs, bs, bg, by} » {b3, b4, b5, b6, b7}] // Simplify
sol = x /. NSolve[% == @, X]

Out[«]=

117649
105413504 -

2401
~22501+ 6261 V13 ) x - —— (-145+39 /13 ) x* + x°
2

Out[«]=
(-5986.19, 25.2072, 698.588}

ry ZRHHI B8 (13) EBIEICLET.

findr2[rl_] :=
Simplify[-2 (rl) ~2 ((ri~7 (5488b3b4*> - 1372b3%b5 + 19208 b5 b6 ) + b3°® - 28 b3” ba® +
28 b3® b4 b5 - 196 ba? b5” + 98 b3 b5*> + 7 b3* b6 + 196 b3 b4 b5 b6) /
(r177 (-196 b3 - 10976 b4® + 2744 b3 b4 b5 - 76 832 bsz) +b3’ b4 -
28 b3% b4® b5 + 14 b3® b5” + 28 b3* b4 b6) ) |

[Py =sol[1]~(1/7)] DIJBAEICr, & ry ZRHET.

J
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ml-1= rl=sol[1]*(1/7)
r2 = findr2[ri1]
ra2n7
Out[«]=

3.12106 +1.50303 1

Out[«]=
0.988661 + 1.23974 i

Out[«]=
25.2072 - 3.55271x 107 i

M r,” ER =0 DFEO—D ( =sol[2])] &H>TWET,
RICTry =sol[2]~ (1 /7)) D/BAEITr, &y ZROHET.

ml-1= rl =sol[2]*(1/7)
r2 = findr2[ri1]
r2n7
Out[«]=

1.58569

Out[«]=
2.54869

Out[«]=
698.588

[P, =s0l[3]] &H-TWEYS., BEICTry =sol[3]2(1/7)] DBEICr, & r, EKRHET.

ml-1= rl =sol[3]*(1/7)
r2 = findr2[ri1]
ra2n7
Out[«]=

2.54869

Out[«]=
-3.46412

Out[«]=
-5986.19

[Py = sol[1]] &E>TWET.
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2. F=x"-7x"+14x>-7x+3 (Gal = Fyp)

9, g1& {b3, b4, b5, b6, b7} ZRHET

1= f=F= x7—7x5+14x3—7x+3;
findF12G12[f];
g1 = %[3]
{b3, b4, b5, b6, b7} = CoefficientList[gl, x, 5] // Reverse
Out[«]=
2470629 823543 \/E

+ + X

2 2

7

Out[«]=
2470629 823543 45
{e, 0, 0,0, + }
2 2

RIZREZDf#EsolZKHET

(- 1= R /. AssociationThread[ {bs, bs, bs, bg, by} » {b3, b4, b5, b6, b7}] // Simplify
sol = x /. NSolve[% == @, X]

Out[«]=
823543

<3+ \/§>X2+X3

2

Out[«]=
{-2.15606 x 10°, 0., ©. |

[Py =sol[1]7(1/7) X (@ <k <6)] TY.
£ (13), (14) OREFERZEAD [r, = ry = 0] TY.
inf-1- £€=Cos[2Pi/ 7] +ISin[2Pi/7];

ml-1= rl =sol[1]”(1/7) ~ Table[&"k, {k, 0, 6}]

Out[«]=
{7.23633 +3.48483 1, 1.78723 +7.830351i, -5.0077 + 6.27945 1,

-8.03172-4.44089x 10 *® i, -5.0077 - 6.27945 i, 1.78723 - 7.83035 1, 7.23633 - 3.48483 Ji}

BAEHICIEINGD ry DEDSS, BEYIBEOEMEHBEREEE>TRIMNENHYET.
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§5. T (12) DH A1 =

= (12) ¥R REDETEE,D [T RDd DFHE—KITBZE
, B(C [bs=b,=bs=bg=0] DEXICPRY [d = 0] &43%FE NEEATEEY,

[srRE14]
d - bs? by by bs®bs® b bs by bs? . by’ bgbs  bgbs®  by®b,? . 3bsbybs*  bgbs® . b
T 73142 14° 7414 147 7414 7143 74142 714° 14* 72

BE(Z [by3=b,=bs =bg =0] DEX(BRY [d=0] &HE3

§5-1 [#pRE14) DETH DI
BEHX Tl I T - EEEE - CROEICFBLTNET .

First compute the Grobner basis G1 of Equations 6 to 10 for anelimination
ordering eliminating the ry (1 / 3 second in MAPLE for the ordering
lexdeg ([rl, r2, r4], [b3, b4, b5, b6, b7], method = fgb) and the
Grobner basis G2 of the elements of G1 which depend only on b3, b4,
b5, b6, b7, for the lexicographical ordering such that b7 > b6 > b5 >
b4 > b3. Then Polynomial (15) is obtained by taking the normal form
by G2 of the normal formby G1 of (r‘l7 = r‘27) (r‘27 = r‘47) (r‘47 = r‘17) .

LWL, BHEBASIOBYICIETEY, r, BEELTEZELE. £y, ry/,
ra’ (3 (12) OFBBOT[$d = (ry” -ry") (r7 —ry’) (ra”-r)7) ] EBLE,
D=$d*> TF. = (10) #E>T$d N6 ry BHELET.

in[-]:= Clear[rl, r2, r4, b3, b4, b5, b6, b7]
1= $d = (PLA7 = P277) (r2°7 - rd"7) (r4”7 -ri”7) /.

{r4~7 - -b7-b3 b4 /14 -r1~7-r2~7} // Expand // Simplify

Out[«]=
1
- (r‘l7 - r‘27>
196

(b32 b4? + 14 b3 b4 (2b7+3 (r17+ r‘27>> +196 (b72+2r114+5r17 r27 + 2r2¥ £ 3 b7 (r17+r27>>>

ZDSd%E gb ZFEH>THHILEYS. MathematicaTIEI %9 (Z [ PolynomialReduce| T9.

w1~ PolynomialReduce [ poly, {poly,, poly,, ...}, {x1, X3, ...}]
poly, IZ&2T poly ZfEFHILIEYANEIRYS, KFBVAMNE { (a1, az, ...}, b} DFETHY,
b [EF]/INT, poly (& ay poly, + a; poly, + ... + b IZZFELL\,

In[- J:= W'J] f=x"3+y”"3;
p={x*"2-y*"2-1, x+2y-7},;
PolynomialReduce[f, p, {X, y}]
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In[+ ]:=

Out[«]=

[{x, 1+y?}, 7-2y+7y*-y?}
$d = PolynomialReduce[$d, gb, {r2, ri, b7, b6, b5, b4, b3}][2] // Expand

b3’ b3*b4®> 3b3*b4b5 ba* b5

_ . _
105413504 470596 3764768 33614
b3 b4? b5%> b32b53 b3° b6 b3b43b6 b32b4ab5b6 b53 b6

+

67228 537824 1882384 33614 33614 19208

FENZD = d? EHHTVET,

+

§5-2 Ry(=r")DIE

Out[«]=

Out[«]=

1. (12) D3R ARARNELIDEE

—RRIC REOENKT, EERIRARAFOHBIRDA D = d? (d e K) | EHOTNBEE,
FORRIEK (V-3) CAVET. g OFREIZQ (V-7D) [CAZDT,
R1IZ Q (+/-3, V/-7D) [CAVZT.

2. (12) D3R AEARND 2KH)E(QIRR)DFEDEE

1RAE L =x+pl, 2kAZEh2 =x® + qx+r] EELL,
[(h1xh20¥IFIH D) = (h20¥IFIZt) (hith20iiEst) 2] HRVIZEES. (TESR)

= hl=x+p;

h2 = x*"2+qgXx+r;
Discriminant[h1 h2, x]
Resultant[hl, h2, x]

(a°-4r) (pz—pq+r'>2

p>-pg+r

SoTID =d*J OLE, Th2oHIBIK = ®, e €Q (V-7D) ] EBYKT.
WOTh2 MARILQ (V-7D) ICAY, ROMREETQ (V-7D) [CAVXT

NERM3EOLRADEDREFERYIIDONT, ERROISICHYET,

[%15] 3 RAERK (12) O Q (+/-3, V-7D) FklEQ (V-7D) ICA3
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§5- 3 [#pRE14) D& FDEERA

[by = by =bg =bg =0] THWA [d =0] &HEFFEIRELES. ZDEEry,
ry, g 0)55%’? 117‘3(1@&@5@—6 |_r‘1, ry, # QJ tb(ﬁ*%b\iﬁ/\l.
InEETd=0] &Y ry” =r)/ I KNS Try = vy £ (CRIDRIAMTRROVED) | TY.
b
(6) NEALTry = -———— | &BICINGE (7),
14r2c
(8) AMRAL, AN HRLSCBIBLELE,
EAOREZNZNhL, h2 £HLE, HITr DIRALBYET,
in[-]-= ClearAll[rl, r2, r4, b3, b4, b5, b6, b7, £]

b3
o= hl= |Prlr243 +r2r4A3+r4rin3 /. {r‘2—>r'1§, ra - - }] +bd /7
14ri12p

Out[«]=
b4 b33 b3 ri

7 2744r1°2%  14C

|
+
S
=
IS
(a9
w

inf-7- $hl = hl % 2744 r1° £% // Expand

Out[«]=
-b3%-196b3 r1® £+ 392b4r1® 2%+ 2744 r1° £°

b3

1= h2 = (rl ~3Pr222 +r223r4”*2+r4~3rir2 /. {r‘Z >rlg,r4- - }] +b5 /14

14ri12p

bs b33 b32¢ s
— - + +rl° ¢
14 2744r1* 2 196rl

il - $h2 = h2 » 2744 r1* 23 // Expand
-b33+196b5 r1* 23 + 14 b3% r13 c* + 2744 r1° £°
inf- = $hl - $h2
~196 b3 r1® £ + 392 b4 r1® £2 - 196 b5 r1* 3 - 14 b3? r13 &*

B(lr3 T ($hl-$h2) 2E3¢ ry D3RFHEHEBDT,
r1(&Q (V-7D, &) REBDOIRFAREADBLBYET. TN [R15] LFETHNG,
[d=0] £H52D(E [bs = by = bs = bg = 0] DEXCRYET,



