5 R AEADIENEDAILA with
Mathematical4 .0

In[1118]:=

ClearAll[" *"];

ZDIT74) (formulaA.nb) Tl& [Solving Quintics and Septics by Radicals
(Monammed A.Faggal, Daniel Lazard#ZE)| (T [RimX] CBEEC)
TRaniz [5 RABKXOBOAI (formulad) ] DEBAZLET.
NEHEEEZED—ATHS Lazard K,
DX DIOFFLRTICHKRING [HOTHBAEEIBRORR] (3R-Y) &Y,
(FBNNCEELERTY.
FEEDT MADT7HBAEFEBRONT (OREY) | ZIEYXLED,
ZNESTFITCOWNCHRYELE. Ta; = 0] ZRATEREIELET-LRBLEIEBVETH,
ZNTEIR-JEYRRVEBVET . )

6 [FiwX] Tl 7 RARKXDOBOL ] EFH->TWETA,
ZNE 5 XARKOBROAR (formulah) | $IFDLERZHETEANTVNET.
ZOHEBIEFBICEPHEDT, ZNERERICLT,
£5—20%EW [5 XARADEDAT (formulaB) ] EB{ELELE.
Z55(3 [formulaB.nb] ZZELEN, HEH,
FAOYAMIZERD [7 XRARADEDOLT] DAL,
S5(C [RERkDHZTOIIL] EBEVWTHYET.

a; & al BERAFORZISDHEIZHIRLEHERITEDELET.
FRAIELT text OFTEBHAPITVLIIC ay ZfEL, input XOP T a1 ZEVET . )
o, RAIELT, HRMBEHKIE AXFT, ZhzERMb LRI FETERIELET.
(Zhi [EFRX] TERLPYATY . ) FREHKICEL T BARIREIEIC(E
$a OERIC [$] ZFITXBITEEEHYET.
ZLT GlobalZ#ld [$] 2T 352N % T,

ZDOI7AIIE Mathematica 14.0 TERSNTVNET.
INVEOFEBFRBEANTONETA, LV Google LTLIEAL,
Wolfram OYARTEFELWABZFIBEGETHROIENTEET.
FERBX(E Maple TENMNTWET, LENHST, EEBS,
JUIH-EECBLUIBRTERVN EEHYELE.

Mathematica ZH3FED A3 [ /- v I%F M (15MIRE) LTEFNIE 335889 (interactive)
(CHROIENTET, HMUPTVNERBWNET. BIFETRVAIL POF 2ZEICE> TN TERVDTY
B, PDFIIXXOEFHANEYEN, TOJILFAFBMINTLEVNET (ZZEEIEWolfram&Adobell
RS TIELLWATY). LAL, EROD Wolfram Player 2EX(E, TTOBFHOEE/-FIvI%EHD
ZENTEZDTHEHTY.
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§1. F1ol2DW\T

L Cmonic BB BERBMDSROERE f=x"+a; x*+a, X} +az x* +a, x + as ,
f=0 D% X9, X1, Xo, X3, Xq EBZET.
k=0,1,2,3, 40080 [0 x> Xeu1, T2 X > X3 ] CRAEFEMods) EHLE,
KEEECs = <o >, 2MEAEEDs = <o, 2>,
Frobenius®tF,, = <o, t > C, fu#lIZznzn 5, 10, 20 TY.
ZUT fOHO7E%Gale 5L, FARTEEDE, GallFLM3DDVINANTY,
(o, T DEER, LOLUBIOTPMVEFERYEIH, UAIOEZRLHRTY.)

{Xo, X1, X2, X3, Xg} DIEELZ2EZELYZDOMEIFYXT.
%@;ﬁté%ﬁy = {yl, Yo eeoy ylg} t%gig
In[1119]:=
Y = Plus @@e@ Subsets[{x0, x1, x2, x3, x4}, {2}]

Out[1119]=
{x0 +x1, x0+x2, X0 +x3, x0+x4, x1 +x2, x1+x3, x1+x4, X2 +x3, X2+x4, x3+x4}

[F10 = (X-y1) (X-VY3) - (X-Yy10) | ETEELEY.

In[1120]:=
F10 = Product[x - Y[kT, {k, 1, 10}]

Out[1120]=
(X-X0 -x1) (Xx-X%X0-x2) (X-X1-x2) (X-%X0-x3) (x-x1-x3)
(X-%X2-x3) (X-x0-x4) (Xx-xX1-x4) (x-%x2-x4) (x-x3-x4)

Nid vars = {Xg, X1, -+, Xa} OXFIRALBRDT , vars DERIIRR s, TERINIKT.
B [FRBREOB®R] &Y ay, ay, -+, as CRHEET,

SymmetricReduction[f, {xi, ..., x,}]

X1, ooy XpllBWT F=p+q THRIIBZEADONT (p, q1 25235, L, p FRFRE
EHTHY q FREIRTHS.

SymmetricReduction [f, {x1, ...» Xu}s {S15 «oes Sn}]
p [CBIBNENITRE 51, ..., s, CBEIBALEART {p, q} &5R%.
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In[1121]:=
vars = {x4, x3, x2, x1, x0};
F10 = SymmetricReduction[F10, vars, {-al, a2, -a3, a4, -a5}][1] // Collect[#, x] &
Out[1122]=
ala2a3a4-a3?ad4-a1%a4?-ala2’a5+a2a3a5+2aladas-a5%+
(a1a2a3?-a3’+ala2’a4-4alad’-4a1”a2a5-a2°a5+4ala3as+4a4as) x+

(2a1a22a3+a12a32—a2a32+a12a2a4+a22a4—3a1a3a4—4a42-4a13a5-9a1a2a5+
7 a3 a5) x? + (a1a23+4a12a2a3+a22a3—4a3a4—16a12a5-4a2a5) x3 4
3a12a22+a23+2a13a3+6a1a2a3—a32—2a12a4—2a2a4—22a1a5) x* 4

(3a13a2+6a1a22+5a12a3+2a2a3—5a1a4—11a5) x> +
(a14+9a12a2+3a22+4a1a3—3a4) X8 +

4a13+9a1a2+a3) x + (6a12+3a2) x8+4a1x®+x

Fle= T {[x- (xi+xj>}:xle+4a1x9 + (6ai+3a2> x& ¢ (4ai+9a1a2+a3>x7 +
0<i<j=4
a‘1‘+9aia2+3a§+4a1a3—3a4> X8 + (3aia2+6a1a§+5aia3+2a2a3—5a1a4—11a5>x5 +

3aia§+a§+2aia3+6a1a2a3—a§—2a5a4—2a2a4—22a1a5>x4 +

(a1a§+4aia2a3+a§a3—4a3a4—16aia5—4a2a5> x3
(2a1a§a3+aia§—a2a§+aia2a4+a§a4—3a1a3a4—4ai—4aia5—9a1a2a5+7a3a5>xz +
(alazag—ag+a1a§a4—4a1ai—4aia2a5—a§a5+4a1a3a5+4a4a5> X +

a1a2a3a4—a§a4—aiai—a1a§a5+a2a3a5+2a1a4a5—ag

[IXVR) R TIE, &R (resultant) Z{FE->TEWTWET .
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§2. Fy, F,[cDWC

o [L&RBYDFEDFRE RD 01, 0, DZDOLHHBYEEA.
(Mod5 TERBY, 0 [FIHRABFOENL, 0, [dEAN2)

In[1124]:=

In[1125]:=
01 = Table[Total[vars[Sort[Mod[{0@, 1} +k, 5]] +1]1, {k, 0, 4}];
02 = Table[Total[vars[Sort[Mod[{0@, 2} +k, 5]] +1]1, {k, 0, 4}];
Column[{"0;1:" <> ToString[01], "0,:" <> ToString[02]}]

Out[1127]=
01:{x3 + x4, x2 + x3, x1 + x2, x0 + x1, x0 + x4}
0,:{x2 + x4, x1 + x3, x0 + x2, x1 + x4, x0 + X3}
01, 0, DERZREICFFOSROEAEZZNZENF,, F, LEBEEFT,
In[1128]:=
F1 = Product[ (x - 01[k]), {k, 1, 5}]
F2 = Product[ (x - 02[k]), {k, 1, 5}]
Out[1128]=
(X-X0 -x1) (Xx-X%X1-x2) (X-X%X2-X3) (X-X0-x4) (x-x3-x4)
Out[1129]=
(X-X0 -%x2) (X-%Xx0-x3) (X-X1-x3) (X-X1-x4) (Xx-x2-x4)
Fi, Foldo, 2 TEDLT, tlCdoTFsF, tBYET,
- [f = o] O¥BIR%E D &6, D [Fo, 12 TEHST,
Tl2koT D s- VD EBYET. WITFy, Fo OIREIFQ (D) [CAYET,
£z [5 ROBAORPLODFELF KT 355, ZOBRFFNLZERTLE (x-a)° &4H3]
DT, Gal = Fyp F-[3Cs DEZE, Fy, F, [FHIC TQEEEMASRR ] EBYET.
Gal = Fpo DEE, Fio [FQEBRITIAN, Q (VD) LTI Fro = F1 Fo & RBHEENET.
s [Fl1) F=7+10x-10x*>-15%x>+x° (Gal = Cs)
In[1130]:=
f=7+10x-10x*-15x3+x5;
fl1l0 =
F10 /. AssociationThread[{al, a2, a3, a4, a5} - Reversee@CoefficientList[f, x, 5]]
d =Sqrt[Discriminant[f,x]](*d=\ﬁ;*)
Factor[f10]
Out[1131]=
1- 295 x + 2860 x> - 1430 x> - 3175 x* + 223 x> + 645 x® - 10 x” - 45 x8 + x*°
Out[1132]=
4375
Out[1133]=

(—1+285x—5x2—35x3+x5> (-1+1ex—5x2—10x3+x5>

f10 [FQLETE,, f, (RO ERTEELSE.
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n [B2] f-4+10x-x2-6x3+x° (Gal = Fyp)

In[1134]:=
-F=4+10x—x2—6x3+x5;
10 =
F10 /. AssociationThread[{al, a2, a3, a4, a5} - Reversee@CoefficientList[f, x, 5]]

d = Sqrt[Discriminant[f, x]] (»d= «/E*)

Factor[f10]
Out[1135]=
—2+17x-62x*+100 x> - 97 x* - 32 x> + 78 x® - x” - 18 x® + x*®
Out[1136]=
262
Out[1137]=
(-1+6x-11x*-11%° +x°) (2-5x+10x*-7x7 +x°)
fi0 [3QETF,, f, CREBDAETEXLE.
m [B3)F=12-6x+12x*-9x3+Xx° (Gal = Fyg)
In[1138]:=
f=54+5x-5x3+X%x"
f10 =
F10 /. AssociationThread[{al, a2, a3, a4, a5} - Reversee@CoefficientList[f, x, 5]]
Factor[f10];
d = Sqrt[Discriminant[f, x]] (»d= '\/E*)
$f10 = Factor[f10, Extension - d]
f1 = FactorList[$f10, Extension » d][3, 1] * (-1/2) // Expand
f2 = FactorList[$f10, Extension -» d] [4, 1] » (1/2) // Expand
Out[1138]=
5+5x-5%x3+x°
Out[1139]=
-25-25x+25x%+100 x> - 75 x* - 55 x° + 60 x°® - 15 x® + x*°
Out[1141]=
525 /5
Out[1142]=
1
-~ (55+25 /5 + (-35-154/5) x+ (15+5 4/5) x> - 2x°)
4
(-55+25 /5 + (35-15/5) x+ (-15+5 /5 ) x* + 2x°)
Out[1143]=
55 254/5 35x 15+5x 15x* 545 %
-— - + + - - + X
2 2 2 2 2 2
Out[1144]=

55 25+/5 35x 15+/5x 15x3 54/5 %3
+

-— + - - + + X

2 2 2 2 2 2

f10 HQEBEITEN, Q (VD) LT, f, CRMARTEZLE,

f1,f22 B D330V 3 L findF12 [ROBRICENE S, HAERFL2)T, $f1,52 (L f1,f20Global Z %%
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3.
In[1145]:=

findF12[f_] := Module[ {factors, pos},
Clear[al, a2, a3, a4, a5];
$f10 = Flo0 /.
AssociationThread[{al, a2, a3, a4, a5} - Reversee@CoefficientList[f, x, 5]];

factors = FactorList [$f10, Extension » Sqrt[Discriminant[f, x]]1;

pos = Position[Exponent [factors, x], 5][All, 1];

{$f1, $f2} = Expand[# / Coefficient[#, X, 5]] & /@ factors[All, 1] [pos];

If[$f1 == x5, {$f1, $f2} = {$f2, $f1}];

Return[ {$f1, $f2}]
1

In[1146]:=
(+fBl%) FindF12[5 + 5x - 5x° + X°]

Out[1146]=
55 254/5 35x 154/5 x 15x3 54/5x3 .
{—— - + + - - + X7,
2 2 2 2 2 2
55 254/5 35x 1545 x 15x3 54/5x3 .
-— 4 + - - + + X }
2 2 2 2 2 2
In[1147]:=
$f1
Out[1147]=
55 25+/5 35x 15+/5x 15x3 54/5 %3 .
- + + - - + X
2 2 2 2 2 2
Gal = Fyy DEE, f1Ef20E D DRBOFESOHELEVET,
LIEhoT L +F,, VD (f1-F,) ORI cEFENET.
In[1148]:=
$f1 + $F2
Sqrt[5] ($f1-$f2) // Expand
Out[1148]=
~554+35x-15x>+2X°
Out[1149]=

~125+75x - 25 %>
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§3. F*, FFICDWTC

Fr=fi+fy, F=Ff - EERLET. FEF ORI, ZhZhe, Q (VD) ICAVET.
EBICF, A5 F O (5-1) ROBEEZNEN e, d; LBEFXT, (1<i=5)
BH, Mathematica®fE#kTF* = Fp, F = Fm ¢EEXT,

—ROEXFDIZEL, d;i, e; [, Xo~x4 DRICHYET,

In[1150]:=

Fp=F1+F2
Fm = F1-F2
Out[1150]=
(X =X0 -X2) (X-X0-x3) (X-X1-x3) (Xx-x1-x4) (Xx-X2-x4) +
(X-X0-x1) (Xx-x1-x2) (Xx-%X2-X3) (X-%X0-x4) (Xx-x3-x4)
Out[1151]=

- ((X-%X0-x%x2) (XxX-%x0-x3) (x-x1-x3) (x-x1-x4) (XxX-%x2-x4)) +
(X-X0-x1) (x-x1-x2) (X-%X2-X3) (X-%X0-x4) (Xx-x3-x4)
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In[1152]:=

{el, e2, e3, e4, e5} = CoefficientList[Fp, x, 5] // Reverse
{d1, d2, d3, d4, d5} = Sqrt[5] CoefficientList[Fm, x, 5] // Reverse

Out[1152]=
{-4x0-4x1-4x2-4x3-4x4, 2x0° +7x8x1+2x1%+7x0 X2 +7x1X2 +
2X22+7XOX3+7XLX3+7X2X3 +2X3%2+7 X0 x4 +7 X1 X4 +7 X2 X4 + 7 X3 x4 + 2 x42%,
-3 x0%x1 - 3x0x1% - 3x0%x2 -10x0 X1 x2 - 3 x1%x2 - 3 x0 x2% - 3 x1 x2% - 3x0? X3 -
10 x0 X1 X3 - 3 x1% x3 - 10 x0 x2 x3 - 10 X1 X2 X3 - 3 x2% x3 - 3 x0 x3% - 3 x1x3% -
3x2x3%2-3x0%x4 -10x0 x1 x4 - 3x1% x4 - 10 x0 X2 x4 - 10 x1 x2 x4 - 3 X22 X4 -
10 x0 X3 X4 — 10 X1 X3 X4 - 10 X2 X3 X4 - 3 x32 x4 - 3 x0 x4% - 3 x1 x4% - 3 x2 x4% - 3 x3 x42,
x0% x1% + 302 x1 X2 + 4 x0 x12 x2 + x0? x22 + 3 x0 x1 x2% + x1% x22 + 3 x0% x1 x3 + 3 X0 X1% X3 +
4 x0% x2 x3 + 10 X0 X1 x2 X3 + 3 x1% x2 X3 + 3 x0 x2° X3 + 4 x1 x22 x3 + x0% x32 + 4 x0 x1 x3° + x1%2 x3% +
3 x0 x2 x3% + 3 X1 x2 x32 + x22 x3% + 4 x0% x1 x4 + 3 X0 x12 x4 + 3 x0% X2 x4 + 10 X0 X1 X2 X4 +
3x1%2 X2 X4 + 4 X0 x22 x4 + 3 x1 x22 x4 + 3 x0% X3 X4 + 10 X0 X1 X3 X4 + 4 x12 X3 x4 + 10 X0 X2 X3 x4 +
10 X1 X2 X3 x4 + 3 x2% X3 x4 + 3 x0 x32 x4 + 3 X1 x3% x4 + 4 x2 x3° x4 + x0% x4% + 3 x0 x1 x4?% +
x12 x42 + 3 X0 X2 x42 + 4 x1 x2 x4% + x22 x4% + 4 x0 x3 x4% + 3 x1 x3 x42 + 3 x2 x3 x4% + x32 x42,
-x0% x1% x2 - x0 x12 x22 - 2 x0% x1 X2 x3 - 2 X0 x1% x2 X3 - x0% x2% x3 - 2 X0 X1 x2%2 x3 -
x1% x2% x3 - x02 x1 x32 - x8 x1% x32 - x0% x2 x3% - 2 x0 x1 x2 x3% - x1 x2° x32 -
x0% x12 x4 - 2 x0? x1 X2 X4 - 2 x0 x12 x2 x4 - x8% x22 x4 - 2 x0 x1 Xx2% x4 - 2 x0% x1 X3 X4 -
2 X0 x1% X3 X4 - 2 Xx0? X2 X3 X4 - 4 X0 X1 X2 X3 X4 - 2 x12 X2 X3 x4 - 2 x0 x22 x3 x4 -
2x1x22x3 x4 - 2 x0 x1 x3% x4 - x12 x32 x4 - 2 X8 X2 x32 x4 - 2 x1 x2 x3% x4 - x22 x32 x4 -
x0% X1 x4% - 2 x0 x1 x2 x4% - x12 x2 x4% - x0 x2% x4% - x1 x22 x4% - x0? x3 x4° -
2 x@ x1 x3 x4% - x1% x3 x4% - 2 X8 x2 x3 x4” - 2 x1 x2 x3 x4 - x8 x3% x4 - x2 x3% x4}

Out[1153]=
{0, /5 (-x@x1+x0x2-Xx1x2+Xx0x3+XLX3-Xx2x3 - X8 x4 + x1 x4 + X2 x4 - X3 x4) ,

\/5 (x0? X1 + x@ x1? - x0? X2 + 2 X8 X1 X2 + x12 x2 - X0 x22 + x1 x2? - x0? x3 - 2 X0 x1 X3 - x1? X3 -

2 X0 X2 %3 +2 X1 x2x3 +x2%2x3 - x0x32 - x1 x3% + x2x3% + x02 x4 + 2 X0 X1 x4 - x1% X4 - 2 X0 X2 X4 -
2 X1 X2 x4 - X2° x4 + 2 X0 X3 X4 - 2 X1 X3 x4 + 2 X2 X3 X4 + X3 x4 + X8 x4% - x1 x4” - x2 x4% + x3 x4?),

/5 (-x@% x1? - x02 x1 x2 - 2 x@ x1% X2 + x0% x2? - x0 x1 x2% - x1? x22 + x0% X1 x3 + x@ x1% X3 +

2 x0% X2 x3 - x12 x2 x3 + x0 x22 x3 - 2 x1 x22 x3 + x0% x3% + 2 x0 x1 x32 + x1% x32 + x0 x2 x3° -
x1 X2 x3% - x22 x32 - 2 x0% X1 X4 - x0 x1° x4 + x0% X2 x4 + x1? X2 x4 + 2 x0 x2% x4 + X1 x2% x4 -
x0% X3 X4 + 2 x12 X3 x4 - x22 x3 x4 - x0 x3% x4 + x1 x3% x4 - 2 X2 x3%2 x4 - x0? x42 - x0 x1 x4?% +
x1% x4% + x0 x2 X4 + 2 X1 x2 x4° + x2° x4% - 2 X0 x3 x4% + x1 X3 x4% - x2 x3 x4” - x3* x4?),

\/E (xe2 x12 x2 + x0 x12 x22 - x0? x22 x3 + x12 x22 x3 - x0% x1 x32 - x0 x1% x32 - x0% x2 x3% +
x1 x22 x32 + x02 x1% x4 - x0% x22 x4 - x1% x32 x4 + x22 x3% x4 + x0% x1 x42 - x1% x2 x4?% -
X0 x22 x4% - x1 x22 x4% + x0% x3 x4% - x1? x3 x4% + x0 x3° x4% + x2 x32 x42> }

[OXVR) di, e; DEREG [FEEC] HMVICKWTY, TIITTRYNBEEEZDE F*,

A5 F OREEZNEN di, e; EIRFLESOTIH, HFEICHOITVET,

CITREBXDBYICLELE. ZNCHVEEERVWOTIN, Br6MEEDIE,

di DERFAXTE D (f,-F,) O (5-1) ROFEEK] £H>TWT,

0O RO HMEFS, FHLELE.

LA LERICHBTINIVALEZDE (/5 (f,-F,) O (5-1) ROZRE] £H>TWBODT,

ERELEEIDHEICLY EFVEELE. BILE, —ROBIEKF,,

Fo (CXFLTIE, Dy (X1 (Fi-Fy) @ (5-1) ROBEY &H>TWET,

BALIBYEEBRDIERMENDNTVET . (LIEEXD;, e; DER LROERICHENTT 1)
FE7RARATEFy, Fo, FY, F BERINEIH, ZO/REKIEZENZFN b,

ci, d°, d” EHOTWTER AR EFERZXFMEDNTNET.
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§4. FEDINTUA L ZDEERA
LUIFf=x+ a, x3+a3 x2+a4x+a5 (a; = 0) | EIRFELZET.

DAL ai, di, e; T‘«%?%?ﬁ“—@%i?
(ICEB 4 BRENBYET . ROTROA [A] ELTET )

§4 -0 FEDATA

CEIDEHCFERETEEE, Lagrange DRI R Drg~r, (CHRYET,
(JR&# TIE Fourier transform EFFATNET . )
In[1154]:=
Clear[x0, x1, x2, x3, x4]
ro=x0+ x1+ x2+ X3 + x4
rl=x0+Ex1l+ EA2X2 + EA3 X3 + EMAX4;
r2=x0+8°2x1+ EAAX2 + EX3 + E73x4;
r3=x0+E"3x1+ EX2 +E 4 X3 + E72x4;
rd=x0+E 4x1+ EA3X2 + E72x3 + & x4;

o, T [Z&2T re [ROERICEYET,

. 4 3 2
[6: re—>re, P1>C"P1, P2 C7ry, P35 E%P3, Py EPgl,
[T:rk> ok, T2:rk - rad

ZLTBROAX (O—%F5)) [BRO4aKEBVE
7. FTHLOBETEEEFANTELE, 0l Fip CEINT Fop CEIZEY. HIDEEETY.

r 1 5
Fifa=-30d2-52; (1)
r‘15+r45:1275d5+125e5—275d3 az—%dzag—%azag—%as (2)

2 2 5 25
rgry+rp r‘3:—5d3—7a3 (3)

3 3 25 15 15 5 _ 2
7r‘1 ry + g r‘3:7d4+764—7d2 32—4934—332 (4)

COREIIATBICIELRTE xo~x4 ORICELTEERALET. r;, ey,
di BBEIC Z25B-oTVWET. F a1 & xo~x4 ORICELLERZ $a; £HF,
KRDERGTRAEs, EBEFT. FILAT7INI=({s1l, s2-a2, s3+a3, s4-a4, s5+a5}
DIVITF-EIEZEY base LEELY. (s DAFITT)

GroebnerBasis [{poly,, poly,, ...}, {x1, x2, ...}]
ZIEADES poly,[DWTJLTF— (Grobner) EEEF KT 2L BEREKHD

GroebnerBasis [ {poly;, poly,, ...}, {x1, X2, ...}, {¥15 Y25 ---}]
ZHy, TEELEI VI T-EELKDS.
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In[1160]:=
{s1, s2, s3, s4, s5} = Table[ SymmetricPolynomial [k, {x0, x1, x2, x3, x4}1, {k, 1, 5}]
{$a1, $a2, $a3, $a4, $a5} = {(-1), 1, (-1), 1, (-1)} {s1, s2, s3, s4, s5}
base = GroebnerBasis[{sl, s2-a2, s3+a3, s4-a4, s5+a5}, {x4, x3, x2, x1, x0}]
Out[1160]=
{X0 +x1+x2+x%x3+x4, xOX1+x0x2+x1x2+x0xX3+xX1Lx3+x2x3+X0x4+x1x4+x2x4+Xx3x4,
X0 X1 X2 + X0 X1 X3 + X0 X2 X3 + X1 X2 X3 + X0 X1 x4 + X0 X2 X4 + X1 X2 x4 + X0 X3 x4 + x1 x3 x4 +
X2 X3 x4, X0 x1 x2 X3 + X0 X1 x2 x4 + X0 X1 X3 x4 + X0 X2 X3 x4 + X1 x2 X3 x4, x0 x1 x2 x3 x4}

out[1161]=
{-%X0 -x1-x2-x%x3-x4, x0x1+x0x2+x1x2+x0x3+xX1x3+x2x3+x0x4+x1x4+x2x4+X3x4,
- X0 X1 x2 - X0 x1 X3 - x0 X2 X3 - X1 X2 X3 - X0 X1 x4 - X0 x2 X4 - X1 X2 x4 - X0 X3 x4 - x1 x3 x4 -
X2 X3 x4, x0 x1 x2 X3 + X0 X1 X2 x4 + X0 X1 X3 x4 + X0 X2 X3 x4 + x1 x2 X3 x4, —x0 x1 x2 x3 x4}
out[1162]=

{a5+ a4 x0 + a3 x0” + a2 x0° + x0°,

ad + a3 x0 + a2 x0% + x0% + a3 x1 + a2 x0 x1 + x0> x1 + a2 x12 + x8% x12 + x0 x13 + x1%, a3 + a2 x0 +
x0% + a2 x1 + x02 x1 + x0 x12 + x13 + a2 x2 + x0% x2 + x0 x1 X2 + x12 x2 + x0 x22 + x1 x22 + x23,

a2 + x0% + x@ X1 + X1% + X0 X2 + X1 X2 + x2% + x@ X3 + X1 X3 + X2 X3 + X3?, X8 + X1 + X2 + X3 + x4}

[JXVR][basel [ EATFRR syl (-1)Fa, EWDBRIEMFLEIFTY. (k=2,..,5) FIRIERE
RICEENASTY.

[ %13 + X3 + X33 B Xq + Xp + X3, Xg Xp + Xz X3 + X3 X1, Xq Xz X3 ZFHVTERE

[#2% ] grb = GroebnerBasis [

{X1+x2+x3-p, XxIx2+x2x3+x3x1-q, x1x2x3-r}, {x3, x2, x1, p, q, r}]
{-r+qx1-px1?+x1%, q-px1+x1%-px2+x1x2+x2%, -p+xL+x2+x3}

PolynomialReduce[x173 +x2”3 + x3~3, grb, {x3, x2, x1, p, q, r}]
{{3,2p-2x1+x2+x3, p>-q-px1-px2+x1x2+px3-x1x3-x2x3+x3°},

p’-3pqg+3r}
%zgili |—X13+X23+X33:
(X1 + Xy +X3)3 =3 (Xg +Xp+ X3) (Xg Xo+ Xy X3+X3X) +3 Xg X X3 ] #RLET,

(1) ~ (4) DEZHFFER/XOEEICLDERDRICEVEYS, 5HMC TG = base] TY.

For the first invariant F1, we compute its normal NF
(F1) formby G.If it belongs to a basis of the free module of
invariants (i.e.its leading termdepends only on the x;) ,

we 1introduce anew indeterminate f1 and the polynomial

P1 :=NF (F1) - f1.Fromnowon,

the normal form procedure is modified and consists in reducing first by G,
thenby P1, ...,

apolynomial being reducible by some Pionly if its leading term is the product
of the leading term of Pi by amonomial which is independent of the x;.

EOAHIRESE, ROKICBZEBVWET . FEREALSREBITREIADE TEIRASNTVWEVNDT
HERHYFEA.)

¥, Mathematica Tl [f59] (F, PolynomialReduce (DKW TE, RY=F2HDH) EFEWNE
9. [ZERXDOMod]lF PolynomialMod%fEVEY, PolynomialReduce & PolynomialMod [ (EREIU
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TN, FFEHOERX (FHIILVIFT-EE) TEIBLE(S PolynomialReduce 2, —EDXTEIS
¢ E[E PolynomialMod ZfE->TWET. FEIFFLL\IE(E Google IS FRIZEL,

PolynomialReduce [poly, {poly,, poly,, ...}, {x1, x2, ...}]
poly; [LE2T poly ZFEHILEVANERY, KFBYAMI{a, as, ...}, BYDFETHY, b &
INT, poly & ay poly, +ay poly, +...+b [ZZELL,

PolynomialMod [poly, m]

m ZEELTEER poly &5X5%.
PolynomialMod [poly, {m,, m», ...}]
IRTD mzEELTERNT 3.
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§4 -1 M ry ‘:jb\—(

In[1163]:=

Out[1163]=
Out[1164]=
In[1165]:=
Out[1165]=
Out[1166]=
In[1167]:=
Oout[1167]=
In[1168]:=
Out[1168]=

T3 polyl=ryrs & xo~ x4 D TERLT
M+ ¢+ P++ =0l F(2+(3=(-1- «/E)/zj EEoTHIBICLET.

polyl = rl % r4 // PolynomialMod [#, Cyclotomic[5, £]] & // Collect[#, &] &
polyl = polyl /. {£€~3 » 2Cos[4/5Pi] - £~2} // FullSimplify

x0% - x0 x1 + x12 - X1 x2 + x2% - x2 X3 + X32 - X0 x4 - X3 X4 + x4 +
(-%X0 X1 + X0 x2 — X1 X2 + X0 X3 + X1 X3 — X2 X3 - X0 X4 + X1 x4 + X2 x4 — X3 x4) §2+
(-%X0 X1 + X0 x2 — X1 X2 + X0 X3 + X1 X3 — X2 X3 - X0 x4 + X1 x4 + X2 x4 — X3 x4) §3

N R

(2x0%+ (-1+4/5) x0x1+2x1%+ (-1+ /5) x1x2+2x2% +2x3% - x2x4 - \/5 x2 x4 + 2 x4 +

(-1++/5) x3 (x2+x4) - (1++/5) x1 (x3+x4) -x0 (x2+ /5 x2+ x3 + /5 x3 + x4 - /5 x4))

polyl,d2 % base CTEIHILIERYERSD, ZNENLIECSE[TIRERIETITET.

$d2 = PolynomialReduce[d2, base, {x4, x3, x2, x1, x0}] [2]
$polyl = PolynomialReduce[polyl, base, {x4, x3, x2, x1, x0}][21

—/5a2-24/5x0x1-24/5x1%-4 /5 x1x2-2 /5 x22+2 /5 x0x3 - 2 4/5 x2 x3

1 2 2

— (-5a2+ /5 a2+2 /5 x0x1+2 /5 x1> +4 /5 x1x2 + 2 /5 x2* - 2 /5 x8 x3 + 2 /5 x2 x3)
2

$d2DLT (Leading Term) & x; DXEDT, $d2(3IMIIEETT.
£2T $polyl% ($d2-ml) TREFILET (milI$d20EEIT REZH (indeterminate) )

PolynomialReduce[$polyl, $d2 - m1l, {x4, x3, x2, x1, x0}]

(-2} < -sa2-m)

INIE Tpoly1=-2 ($d2-m1)+3(-5 22 - m1)] ERLETH, miESd20ZBIHOT, ($d2-m1)FENTRM
TY. #WIC [polyl = (AAKILERY) = % (-5a2-m1) | EBYXT,

[1&%]

FETVTF-EEEFE> LA ERPPARREDT, RELXT

Factor[polyl+1/2d2+5/2%a2]

(x0+x1+x2+x3+x4)2

|_X@ + X1+ X+ X3+ Xg = GJ 7:';0)—6‘, Eﬁb\(k__iﬁ <1) ‘j:IElJL\_C‘g—.
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§4 -2 ri° +ry [2DWT

9 dpoly2=r’+r.° Exg~ xs DR TELT
[M+¢++3+=0]k F(2+(3=(-1- \/E)/ZJ EEOTHEBICLEY.

In[1169]:=
poly2 = (ri~5+r4~5 // PolynomialMod [#, Cyclotomic [5, £]] & // Collect[#, &] &) /.
{€~"2 > 2Cos[4/5Pi] - £~3} // Simplify
Out[1169]=

1
— (4x0° + 4x1° + 4x2° - 5x2*x3 + 5 /5 x2* x3 - 10x2® x3% - 10 /5 x2° x3% - 10 x2* x3® - 10 /5 x2*x3’ -
2

5x2x3% +5 4/5 x2x3* + 4x3° - 5x2% x4 - 5 /5 x2* x4 - 20 x2% x3 x4 - 20 /5 x2° x3 x4 - 30 x2% x3% x4 +
30 /5 x22 x3% x4 + 80 x2 x3° x4 - 5x3* x4 + 5 /5 x3% x4 - 10 x2> x4% + 10 /5 x2% x4 + 120 x2% x3 x4° -
30 x2 x32 x4% + 30 /5 x2 x32 x4 - 10 x33 x4% - 10 /5 x3% x4% - 10 x22 x4 + 10 /5 x22 x4> - 20 x2 x3 x4 -
20 /5 x2 x3 x4> - 10 x3% x4> - 10 /5 x32 x4> - 5x2 x4* - 5 /5 x2 x4* - 5x3 x4* + 5 4[5 x3x4* + 4x4° +
5x0% ((-1+ V5)x1- (1+45)x2-x3- /5 x3-x4+ 5 x4) +5x1* ((-1+ v/5) x2- (1++/5) (x3+x4)) -
10x1® ((1+ /5) x2° - (-1+ +/5) x3* - 8x3x4 - (-1+ /5) x4% + 2x2 (x3 + V5 x3 + x4 - /5 x4)) -
10x0% ((1+ 4/5) x2% - (-1 + 4/5) x2% + x32 - /5 x3% + 2x1 (x2+ /5 x2 + x3 - /5 x3 - 4x4) +
2x3x4 +2 45 x3x4 + x42 + /5 x4> - 2x2 (4x3 + (-1+ /5) x4)) +
Sx1((-1+45)x2* - (1+4/5)x3* +4 (-1+ 4/5) x3>x4 + 24x32x4% + 4 (-1 + 4/5) x3x4> - (1 + 4/5) x4* +
4x2® (4x3+ (-1+ 5) x4) +6x22 ((-1+ /5) x32 -2 (1+ +/5) x3x4 - (1+ +/5) xa?) -
4x2 ((1+45)x3°+3 (1+ 45) x32x4 -3 (-1+ /5) x3x4% - 4xa?)) -
10x0? ((1+ 4/5) x1® - (-1 + 4/5) x2% + x3% - /5 x37 - 12x32 x4 + 3x3x4% - 3 /5 x3 x4 + x4> + /5 x4® + 3 (1+ +/5)
x2% (x3 + x4) -3x1% ((-1+ 4/5) x2+4x3 + (-1 + V5) x4) +3x2 ((1+ +/5)x32 -2 (-1 + +/5) x3x4 - 4x4?) +
3x1(-4x2%+ (1+ 4/5)x32+2 (1+ 4/5) x3x4 - (-1 + /5) x4% +2x2 (x3 - V5 x3 + x4 + /5 x4))) -
10x1” ((1+ /5) x2° -3x2% ((-1+ V/5) x3 +4x4) +3x2 (-4x3> -2 (-1+ V/5) x3x4 + (1 + /5) xa?) -
(x3+x4)((—1+\/§>x32+(—1+\/§>x42—2x3(x4+2\/gx4>>>+
5x0 ((-1+ 4/5) x1* - (1+ /5) x2* - x3* - V5 x3* - 4x3% x4 - 4 /5 x3® x4 - 6x3% x4® +
6 5 x32x4% + 16 x3x4% - x4 + /5 x4% + 4x2® ((-1+ /5) x3+4x4) +
4x1® (4x2+ (-1+ 45) x3 - (1+4/5) x4) +6x22 (4x3%+2 (-1+ 4/5) x3x4 - (1+ /5) x4?) +
6x1% ((-1+ 4/5)x22~ (1+ 4/5)x3% +2 (-1 + /5) x3x4 +4x4% -2 (1+ /5) x2 (x3 +x4)) +
4x2 (x3+x4) ((-1++/5)x3%+ (-1+ /5) x4% - 2x3 (x4 +2 /5 x4)) -
ax1((1+45)x2* -4x3® -3 (-1+ /5) x32x4+3 (1+ 4/5) x3x4% + (1+ 4/5) x4® +

3x22 (x3+ 45 x3+ x4 - /5 x4) -3x2 ((-1+ /5)x32 +8x3x4+ (-1+ +/5) xa?))))
R(Z poly2, d5, e5,d3, d2 % base CHIHILI=RYERSD, ZNENLIECSE[FI2E5XET.
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In[1170]:=

Out[1170]=

In[1171]:=

out[1171]=

In[1172]:=

out[1172]=

{$p01sz $d53 $€5, $d33 $d2} =
PolynomialReduce[#, base, {x4, x3, x2, x1, x0}][2] & /@ {poly2, d5, e5, d3, d2}

{,_

2

(—5a2a3+3 5 a2a3+25a5-25 /5 a5 -10 /5 a4 x0 - 10 a22x1 + 4 4/5 a2? x1 + 20 a4 x1 + 30 a3 x0 x1 + 12 /5 a3 x8 x1 +
10 a2 x0% x1 + 24 /5 a2 x0? x1 + 20 x0% x1 + 20 /5 x0* x1 + 10 a3 x1% + 2 /5 a3 x1? + 10 a2 x8 x12 + 4 /5 a2 x0 x1° +
10 /5 x0° x1% - 18 a2 x1° + 4 /5 a2 x1® - 20 x0? x1° + 10 /5 x0% x1> + 2034 x2 + 10 /5 a4 x2 + 20 /5 a3 x@ X2 +
10 a2 x0% x2 + 16 /5 a2 x0% x2 + 20 /5 x0* x2 + 20 a3 x1 x2 + 4 /5 a3 x1 x2 - 10 a2 x0 X1 x2 + 6 /5 a2 x0 x1 X2 -
20 x03 X1 x2 - 40 x0% x12 x2 - 20 /5 x0? x12 x2 - 40 x0 x1% x2 - 10 /5 x0 x13 x2 - 10 a3 x22 + 2 /5 a3 x22 - 10 a2 x0 x22 -
4 A5 a2 x0 x22 - 20 x0° x22 - 20 a2 x1 x22 - 40 x02 x1 x22 - 10 /5 x02 x1 x22 - 20 x0 x12 x22 - 20 /5 x0@ x1? x22 -
20x13x2%2 + 10 /5 a4 x3 - 10 a3 x0 X3 + 8 /5 a3 x8 X3 - 20 a2 x02 X3 + 10 /5 a2 x8% x3 - 20 x0* x3 + 10 /5 x0* X3 -
10 a2 x8 x1 x3 - 6 4/5 a2 x0 x1 x3 - 20 x0> x1 x3 - 10 /5 x0> x1 x3 - 40 x02 x1% x3 - 10 /5 x8% x12 x3 - 28 x8 x1> x3 -
10 /5 x0x13x3 - 10a3x2 x3 + 2 /5 a3 x2 x3 - 20 a2 x0 x2 x3 - 40 x0> x2 x3 - 10 a2 x1 x2 X3 - 4 /5 a2 x1 x2 X3 -
40 x0” x1 x2 x3 - 20 /5 x0% x1x2 X3 - 20 x8 x1% x2x3 - 10 /5 x@ x1° x2 X3 - 20 x0% x2° x3 + 20 x1% x2* x3) ,

—4/5a2a3+54/5 a5+2 /5 a4x0 - /5 a22x1 -3 /5 a3x0x1 - 5 /5 a2x0% x1 - 4 /5 x0* x1 -

/5 a3 x12 - /5 a2 x@x1% - 2 /5 x0°> x1% - /5 a2 x13 - 2 4/5 x0? x1® -

24/5a4x2 -4 /5 a3x0x2 -3 /5 a2x0%x2 - 4 /5 x0*x2 - 2 /5 a3 x1x2 -

/5 a2x0x1x2 + 4 5 x0*x1%x2 + 2 /5 x0 x13 x2 - /5 a3 x2% + /5 a2 x0x2% +

2 /5 x0% x1x22 + 4 /5 x0x12x22 - 2 /5 a4 x3 - /5 a3x0x3 - 2 /5 a2 x02 x3 -

2 4/5 x0% x3 + /5 a2 x0 x1x3 + 2 4/5 x0% x1 x3 + 2 /5 x02 x1% x3 + 2 /5 x0 x13 x3 -

/5 a3x2x3 + /5 a2x1x2x3 + 4 /5 x02 x1 x2x3 + 2 /5 x0 x12 x2 x3,

a2a3 -a5+ (a2” -2a4) x1 - 3a3x0x1 - a2 x0” x1 - 2x0* x1 - a3 x1” - a2 x0 x1* + a2 x1° + 2 x@” x1° -

2a4x2 - a2x0%x2 - 2a3x1x2+a2x0x1Lx2+2x0 x1x2+4x0%x12x2 +4x0x1>x2 + a3 x2? +

a2 x0 x22 + 2 x0% x22 + 2 a2 x1 x22 + 4 x0% x1 x22 + 2 x0 x1% x22 + 2 x13 x2% + a3 x0 x3 + 2 a2 x0? x3 +

2x0% X3 + a2 X0 X1 X3 + 2 x0° x1 x3 + 4x0% x12 x3 + 2 x0 x1> X3 + a3 X2 X3 + 2 a2 X0 X2 X3 +

4x0° x2x3 + a2 x1 X2 x3 + 4 x0% x1 x2 x3 + 2 x0 x1% x2 x3 + 2 x0% x22 x3 - 2 x12x2? x3,

—4/5 a3-2+/5a2x1-2 /5 x0%x1 - 2 /5 x0x12 - 2 /5 x1% + 2 /5 x@? x2 +

2 /5 x0x1x2 + 2 /5 x0x22 - 2 /5 x0x1x3 + 2 5 x1 x2 x3,

~4/5a2-24/5 x0x1 -2 4/5 x1> -4 /5 x1x2 -2 5 x2° + 2 4/5 x8x3 - 2 5x2x3}

F9$d5DLTIE x; DRXEDT, $A5[EIMIIEETT. £oT RIF $e5%($d5-m1) TRIHIL T $Se5& V5%
BIZfTFET . (m1ISd5DEEI T INEZ# (indeterminate))

$$e5 = PolynomialReduce[$e5, $d5 - m1l, {x4, x3, x2, x1, x0}][2]

2 /5 a2a3-6+/5 a5 +ml

NG
4x0°x13+4a3x0x2+2a2x0%x2+4x0%x2+2a2x0x1Lx2+2x0>x1x2+2x0x13x2+2a3x2%+
2x0% x2% +2 a2 x1 x2% + 2 x0% x1 x2% - 2 x0 x1% x2% + 2x13x2%2+ 2 a4 x3 +2a3 xO x3 + 4 a2 x0% x3 +
4 x0% x3 + 2 x0% x1%2 x3 +2 a3 x2 x3 + 2 a2 x0 x2 x3 + 4 x0° x2 x3 + 2 x0% x2% x3 - 2 x12 x22 x3

~2a4x0+2 (a22—a4> x1 +4 a2 x0% x1 + 2 x0% x1 + 2 x0> x1% + 2 a2 x13 +

$$e5DLTIE x; DEBDT, MIZLZHTY. £oT d3a2 %#{$b3-ml, $$e5- m2} CRIHKIL T $5d3a2 &L
SERTEMTET . (M2(E$Se5DELBI T RELEL) .

$$d3a2 = PolynomialReduce[$d3 a2 , {$d5 - ml, $$e5-m2}, {x4, x3, x2, x1, x0}][2]

/5 a2a3-2+/5 a2?2x1-2+/5 a2x0%*x1 -2 /5 a2x0x1% -2 /5 a2 x13 +
24/5 a2x02x2 +2 /5 a2 x0 x1 x2+2 /5 a2 x0 x2%2 -2 /5 a2 x@ x1 x3 + 2 /5 a2 x1 x2 x3

$8d3a20DLTIE x; DRBD T, MITEETT. £oT $d2 a3 Z{$b3-m1, $$e5 - m2,$$d3a2-m3} TEIHKY
LET . (m3(E$$d3a20 &R T RELH) .
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In[1173]:=
$$d2a3 =
PolynomialReduce [$d2 a3, {$d5 - m1, $$e5 - m2, $$d3a2 -m3}, {x4, x3, x2, x1, x0}][2]
Out[1173]=
-+/5a2a3-2+/5 a3x0xl-2+/5a3x1%-
4 +/5 a3x1x2-2 /5 a3x2%2+2 /5 a3x0x3 -2 +/5 a3 x2 x3
$$d2a3DLTIE x; DRXED T, ML ZHTT. Lo TEHEEIC poly2 % {$b3 - m1, $$e5 - m2, $$d3a2-
m3,$$d2a3 - m4} CRIHILET . (m4ld$$d2a3 DEZHIT RNEZEE) .
In[1174]:=
PolynomialReduce[$poly2,
{$d5 - m1, $$e5-m2, $$d3a2 -m3, $$d2a3-m4 }, {x4, x3, x2, x1, x0}][2] // Expand
Out[1174]=
125a2a3 375a5 125ml 25m3 75 m4
- - + +125m2 - -
2 2 2 4 4
125 375 125 25 75
N Mr1°+ry°> = - —— a2 a3- —— a5+ 125e5 + d5 - — d3 a2 - — d2 a3 |
2 2 2 4 4
EEBRLET.
AN S
[1&%]
In[1175]:=
poly2 - (125 /2d5 +125e5-25/4d3 ($a2) -
75 /4d2 ($a3) - 125/ 2 (s2) ($a3) - 375/ 2 ($a5)) // Factor
Out[1175]=
1
— (X0 + X1 + X2 + X3 + x4)
4

(8x0* - 18 x0% x1 + 10 /5 x@% x1 - 2x0% x1% - 5 /5 x0% x1* - 18 x8 x1® + 18 /5 x8 x1® + 8 x1* - 18 x0> x2 - 10 /5 x> x2 -
4 x0% x1 x2 - 40 /5 x0% x1 x2 + 196 X0 x12 x2 + 30 /5 x0 x12 x2 - 18 x13 x2 + 10 /5 x1® x2 - 2 x0% x2% + 5 /5 x0? x2% -

4 x0 x1x22 - 40 5 x8x1x22 - 2x12x22 - 5 4/5 x12 x2% - 18 x0 x23 - 10 /5 x0 x2> - 18 x1 x2> + 10 /5 x1 x2* + 8 x2* -
18 x0° x3 - 10 /5 x0° x3 - 4 x0% x1 X3 + 40 /5 x0% x1 X3 - 4 x0 x1% x3 + 40 /5 x0 x1%2 x3 - 18 x13> x3 - 10 /5 x1>x3 +

196 x02 x2 X3 - 30 /5 x02 x2 X3 - 58 X0 X1 X2 X3 — 4 x12 x2 X3 - 40 /5 x12 x2 X3 - 4 X0 x22 x3 + 40 /5 x0 x22 x3 +

196 x1 x22 x3 + 30 /5 x1x22 x3 - 18 x2°> x3 + 10 /5 x2% x3 - 2x0% x3% + 5 /5 x0% x3% + 196 x0 x1 x3° - 30 /5 x0@x1 x3° -
2x12x3% + 5 /5 x1% x3% - 4x0 x2 x3% + 40 /5 x0 x2 x3% - 4x1 x2 x3% - 40 /5 x1x2x3% - 2x22x3% - 5 4/5 x2% x3% -

18 x0 x3° - 18 /5 x0 x3> - 18 x1 x3% - 10 /5 x1 x33 - 18 x2 x33 + 10 /5 x2 x3% + 8 x3* - 18 x0% x4 + 10 /5 x0> x4 +

196 x02 X1 x4 + 30 /5 x02 X1 x4 — 4 X0 x12 x4 - 40 /5 x0 x12 x4 — 18 x1° x4 - 18 /5 x1° x4 - 4 x8% x2 X4 + 40 /5 x8% x2 X4 -
58 X0 X1 X2 X4 - 4 x12 X2 X4 + 40 /5 x12 X2 x4 + 196 x0 x2% x4 - 30 /5 x0 x2% x4 - 4 x1 x22 x4 + 40 /5 x1 x2% x4 - 18 x23 x4 -
10 /5 x2° x4 - 4 x8% X3 x4 - 40 /5 x0% X3 x4 - 58 X0 X1 X3 x4 + 196 x12 x3 x4 — 30 /5 x12 x3 X4 - 58 X0 X2 X3 X4 —

58 x1 X2 X3 X4 - 4 x22 x3 x4 — 40 /5 x22 x3 X4 — 4 X0 x32 X4 - 40 /5 X0 x32 x4 - 4 x1x3? x4 + 40 /5 x1x32 x4 +

196 x2 x32 x4 + 30 /5 x2 x32 x4 - 18 x3° x4 + 10 /5 x33 x4 - 2 x0? x42 - 5 /5 x0% x4 - 4 x0 x1 x4? - 40 /5 x0 x1 x4? -
2x12x4% + 5 /5 x1% x4% - 4x0 x2 x4% + 40 /5 x0 x2 x4% + 196 x1 x2 x4° - 30 /5 x1x2 x4> - 2 x2% x4% + 5 /5 x22x4% +
196 x0 x3 x42 + 30 /5 x0 X3 x4% - 4 x1 x3 x4 + 40 /5 x1 X3 x4% - 4 x2 x3 x4% - 40 /5 x2 x3 x4% - 2 x3% x4% - 5 /5 x3? x4? -
18 x@ x4> + 10 /5 x@ x4” - 18 x1x4> - 18 /5 x1 x4> - 18 x2x4> - 18 /5 x2 x4> - 18 x3x4> + 10 /5 x3 x4> + 8 x4*)

|_X@ + X1+ X2+ X3+ Xg = GJ 7:;0)—6, Eﬁb\(:ﬁ <2) ‘jIElJlI\_C‘g—.
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J0%735 L relation
FoRVREEZBENMLLETOYILTT.GHMEL TS

In[1176]:=

Clear[Z]

In[1177]:=

relation[bases_List,target_]:=Module[ {vars,list,nbase,new,k},

vars={x4,x3,x2,x1,x0};
$target=Simplify[Collect [PolynomialMod [target,Cyclotomic[5,8]],&]/.{&"2-2Cos[4/5Pi]-£E"3}];
polys=Append [bases, $target] ;

list=Simplify[PolynomialReduce [#,base,vars] [2]&/@polys];

k=1;

nbase={1list[1]-m1};

Do[k++;new=Simplify [PolynomialReduce [1list[k] ,nbase,vars] [2]];

AppendTo [nbase, new-ToExpression["m"<>ToString[k]]],Length[bases]-1];

Expand@Simplify [PolynomialReduce [Last[list] ,nbase,vars][2]]]

polyZbases(E£ &) CER LW, 3T relation[bases(VAK), poly] TY. ZOFIDHZHELRDERIC
BYZET.

In[1178]:=
relation[{d5, e5, d3 a2, d2a3}, poly2]

Out[1178]=

12532a3 375a5 125ml 25m3  75m4
- - + +125m2 -
2 2 2 4 4

base [T LTFT-EIERDT, bases DIEFZZATEHEREITDYEEA.

In[1179]:=

relation[{d3 a2, e5, d5, d2 a3}, poly2]

Out[1179]=
125a2a3 375a5 25ml 125m3  75m4
- - - +125m2 +
2 2 4 2 4
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§4 -3 rz°r,+ri?rs [220T

relation ZfE>TEEBALEY.
In[1180]:=

poly3 = r4~2r2 +ri1i”2r3;

relation[{d3}, poly3]

Out[1181]=
25a3 5ml
2 2
INIE polys= - £2 - 3% R FY.
AN b
[1RE]
In[1182]:=
poly3 = Simplify[
Collect[PolynomialMod [poly3, Cyclotomic[5, £1], £] /. {€~2 > 2Cos[4/5Pi] -&"3}];
poly3+5/2 d3+25/2 $a3 // Factor
Out[1183]=

(X0 + X1 + x2 + X3 + x4)

N R

(4x02—7x0x1+6 5 x0x1+4x1%2-7x0%x2-6 /5 x0x2-7x1x2+6 /5 x1x2+4x2% -

7x0x3-64/5 x0x3-7x1x3-64/5Xx1x3-7x2x3+6 /5 x2x3+4x3%>-7x0x4+
6 V5 XOX4 -7 X1X4-6 5 X1 X4-7%X2X4-6 5 x2x4-7%x3x4+6 5x3x4+4x42>

|_X@ + X1+ X2+ X3+ Xg = eJ 7:';0)—6‘, Eﬁb\(k__iﬁ <3) ‘jIE[JL\_C‘g—.
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§4 -4rcry+rrs I220T

In[1184]:=
poly4d = (ri~3r2+r4~3r3 // PolynomialMod[#, Cyclotomic[5, £]] & // Collect[#, ] &) /.
{€~"2->2Cos[4/5Pi] - "3} // FullSimplify
Out[1184]=

1
— (4x0* +4x1* +4x2* +4x3* -2 (2+ V5) x2> x4 + 6 (-1 + 4/5) x22 x4? - 2 (2 + /5 ) x2x4® + 4x4% +
2

2(-2+4/5) x3% (x2+x4) +2x0° ((-2+ 4/5)x1 - (2+4/5)x2- (2+ /5)x3+ (-2+ /5) x4) +

X3 (x2+x4) (2 (-2+ 4/5) x22+ (7-5+/5) x2x4 +2 (-2 + /5 x4?) -

6x32 ((1+ 5)x22 - (3+4/5) x2x4+ (1+ +/5) xa?) +2x1® ((-2+ v/5)x2- (2+ /5) (x3+x4)) +

3x1% (-2 (1+ V/5)x22+2 (-1 + 4/5) x32 -2 (-3+ 4/5) x3x4+2 (-1 + v/5) x4% + x2 (x3 - /5 x3 + x4 + /5 x4)) +

3x0% (-2 (1+ 4/5)x12+2 (-1+ 4/5) x22 +2 (-1+ 4/5) x32 - (-1+ 4/5) x3x4 -2 (1+ +/5) x4? +
x2 (6x3 -2 /5 x3+ x4+ /5 x4) +x1 (x2- /5 x2+x3 + /5 x3+6x4+2 /5 x4)) +

x1 (2 (-2+ 4/5) x2> +3x22 (2 (3+ 4/5) x3+ (1+ 4/5) x4) +3x2 (- ((-1+ +/5) x3%) -8x3x4 -2 (-3 + /5 x4?) -
(x3+x4) (2(2+/5)x3% - (7+5+/5) x3x4+2 (2+ /5)x4%)) +x0 (2 (-2+ /5) x1> -2 (2+ +/5) x2° -
2(2+4/5)x3* -3 -1+ 5) x32x4+6 (3+ 5 ) x3x4> +2 (-2 + V/5) x4% +3x2% (x3 + V5 x3 + 6x4 - 2 /5 x4) +
3x1° (2 (3+ V5) x2+x3+ V5 x3 +x4- /5 x4) +3x2 ((1++/5)x3>-8x3x4+ (1+5) x4?) -

3x1((-1+ V5)x2°+2(-3+4/5)x3%+8x3x4+ (-1+ V/5) x4% +8x2 (x3+x4))))

In[1185]:=
relation[{d4, e4, d2 a2}, poly4]

Out[1185]=
5 a2? 25m1  15m2 15m3

- 40 a4 + + -
2 2 2 2

a2? 25d, 15e, 15d,a,
- 40 a4 + + - 1 &RLFT.
2 2 2

5
hig Tpolyad = -

AN b
G
In[1186]:=
polyd - (25/2d4+15/2e4-15/2d2 (s2) -40s4-5/2 (s2)~2) // Factor

out[1186]=
(X0 + X1 + X2 + X3 + x4)

(2x0% - 4x02x1 + /5 x0% x1 - 4x0x1% + /5 x0 x1% + 2 X1 - 4 x0? x2 - /5 x0? X2 - 8 X0 X1 X2 +

11 /5 X0 x1x2 - 4x12x2 + /5 x12x2 - 4 x0 x22 — /5 x0 x22 - 4 x1 x2% + /5 x1 x2% + 2 x23 - 4 x0% x3 -
/5 x02 x3 - 8x0 X1 x3 - 11 /5 x0xL x3 - 4x12 x3 - /5 x12 x3 - 8 x@ x2 x3 - 11 /5 X8 x2 x3 -
8x1x2x3+11 /5 x1x2x3 -4x22x3 + /5 x22x3 - 4x0 x32 - /5 x0 x32 - 4 x1 x3% - 45 x1 x32 -
4x2x3%+ 4[5 x2x32+2x33 - 4x0% x4 + /5 x0% x4 — 8 X0 X1 x4 + 11 /5 X0 x1 x4 - 4 x1% x4 — /5 x1% x4 -
8 X0 X2 X4 — 11 /5 x0 X2 x4 - 8 X1 X2 X4 — 11 /5 X1 X2 X4 - 4 x22 x4 - /5 x2% x4 - 8 X0 X3 X4 +

11 /5 X0 x3 x4 - 8 X1 x3 x4 - 11 /5 X1 x3 x4 -8x2x3x4+11 5x2x3x4—4x32x4+\/§x32x4—
4x0x4% + 5 x0 x4% - 4 x1x4% - /5 x1 x4% - 4x2x4% - 5 x2 x4? - 4x3 x4% + /5 x3 x4? + 2 x4?)

|_X@ + X1+ X2+ X3+ Xg = GJ 7:;0)—6, Eﬁb\(:ﬁ <4) ‘jIE[JlI\_C‘g—.
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§5. & K5

- 1 5
Pirp=-Sd-5 @ (1)
r‘15+r45:1275d5+125e5—275d3 a2—§d2a3—1275a2a3—3775a5 (2)

2 2 5 25
g~ rp+0rq r‘3:—3d3—7a3 (3)

1
2

_r‘13r'2+r'43r'3:275d4+ e4—175d2 a2—46a4—'%a22 (4)

saky EORPFENDONELEE. (1) (2) &Y r?, ry’ RO TR (x) = 0] D2 fREGVET,
In[1187]:=
R :=

125 25 75 125 375 1 5 5
X"2 - (— d5+125e5-—d3 a2-— d2 a3 - — a2 a3——a5)x+ (——dz-—az)
2 4 4 2 2 2 2

ZD2fR%ERy, Ry EFBE, ri= <Ry, rs=-R, T,

FY [ry=r, =0] OLE (FL = x> DEE) [F, ik BOBFEEZSEILLY,

Fi & Fy EANEZRET. ZOEE [F=F,=x%] ¥93& [ri=r, =r;=r,=0] £EAY,
X =0 (0 <k=<4) ERYFFELET.

HICEYBREROABOEIRICKY [ry 0] ETEFT. AT [ry 0] ELET.

CDEEr, DSEBEINTERRBYETH, ENZEHTEFORESEBRLCEYET. X

1 5
rg ‘j: |_ rirg=- E d2 - E az_] t@éii(:iﬁ*ﬁ’éﬁwjig.

RIZ (3) (4) 3 {ry, r3 )} [DVWTO—RARERTY.
ZNIC IS 31750175 Det(d [Det = r,° - ry° | T,
ZIT IDet = 0] EBLBRWVIENUTORRICEEASNET. (ug > r EEZTVET)

In fact, if r1® = r4® + 0, we have r4 = w' ril for some i, where w is the
primitive root of unit which has been chosen.Thus, if we denote

by k1 and k3 the right hand sides of Equations 1 and 3 respectively,
we have r1®> = k1 /w'andr2 w? +r3 = k3. Asr2r3=d2/2-5a5
(conjugate equation of Equation (1)), we see that all the ui and thus
all the roots belong to an extension of K of degree prime to 5,

which implies that f is not irreducible.

LA LCDEERREALICIEHNE TERD DT, IITEHRBATEXEA.
(A7) RICCOFERRATELWE TR,  (RRAZIRLBWVEIH) ry,
rs, ra BPETry L&Y 1BYICKREZIELIRY, BOAHNTEHELET.

LT, 82CEFOLRUT B3 DB Z R & Z D3ELUEZKHT, NSolveDIMERRL LLELET,
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m [BI]F=12-6x+12x*-9%> + x> (Gal = Fyp)

In[1188]:=
f=12-6x+12x2-9%> +X°;

(7)f1,f2 & R &K&HET,

In[1189]:=
{f1, f2} = findF12[f]
{fp, fm} = {f1+f2, f1 - f2}
{al, a2, a3, a4, a5} = CoefficientList[f, x, 5] // Reverse;
{el, e2, e3, e4, e5} = CoefficientList[fp, x, 5] // Reverse;
{d1, d2, d3, d4, d5} = Sqrt[5] CoefficientList[fm, x, 5] // Reverse;

R
Out[1189]=
171x 21 +/41 x , 27 X3 34/41 X3 .
{—93—15\/41+ . 16X - - x5,
2 2 2 2
171x 21 +/41 x , 27 X3 34/41 X3 .
~93+15 ~/41 + - 6% - + +x}
2 2 2 2
Out[1190]=
{-186+171x+12x* - 27 x> + 2X°, -30 /41 + 21 V41 x - 3 /41 x*}
Out[1194]=
5
45 3 4/205
— +——— | - (-18750-1200 /205 ) x + x2
2 2
(1) R =0 DEDS50TRHRLEER, £, ZO5%FRr; KM, H (1) [C&YUr, BRHET.
In[1195]:=
{R1, R2} = x /. Solve[R =0, Xx]
Out[1195]=
3 1
{— ~-12500 - 800 /205 - _|— (282490000 + 19577200 /205 ) |,
4 2
3 1
— |-12500 - 800 /205 + _|— (282490000 + 19577 200 /205 ) }
4 2
In[1196]:=
rl=R1~(1/5) // FullSimplify
Out[1196]=
15 1/5
{-— (1250+ 80 /205 + \/141245e+ 97886 /205 )]
2
In[1197]:=
rd=(-1/2d2-5/2a2) /rl // FullSimplify
Out[1197]=

1 1/5
- (-1)*° 19375 + 600 /205 - 15 \/— (706 225 + 48943 +/205 ) ]

2

(T)  (3) (4) Z(EOT ry, r3 EROHET.



In[1198]:=
{r2, r3} =1/ (r4"5-r175) {{rd4"3, -r1”2}, {-rl”3, rda~2}}.

5 25 25 15 15 5
{-— d3- " a3, — d4+— ed-— d2 a2-40a4- — a2 } // FullSimplify
2 2 2 2 2 2
Out[1198]=
1 1/5
{— (-1)%5 [15 625 - 40 /205 + \/E (706 225 - 48943 +/205 ) J] B

15 1/5
(1)¥ (9375 600 /205 - — /1412450 - 97886 /205 ) }
2

(I) Lagrange DMEZEIRE(EL fEX = (X, X1, X2, X3, x4} ZRHET.
ELDT x; OAFRRLET,

In[1199]:=
X=1/5{{1,1,1,1,1},8"{6, 4, 3, 2,1}, £~{e, 3, 1, 4, 2},
gr{e, 2, 4,1, 3}, g~{0, 1, 2, 3, 4}}.{0, rl, r2, r3, rd};
TraditionalForm[x1]

Out[1200]//TraditionalForm=
x1
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()Z=cos (2 r/5)+1 sin (2 r/5)] ERALT, EEUEZEKS, NSolveZ{Fo>-HUEMRL LB LE

9. HEORIC—HKLET.

In[1201]:=

$X = {x0, x1, x2, x3, x4} =X /. {€ > Cos[2/5Pi] +I Sin[2/5Pi]} // Simplify;

N[$X, 20] // Chop // Sort
Out[1202]=
{-3.6108679416295143647, -0.08922828766409501836 - 0.92456925884689160321 1,
-0.08922828766409501836 + 0.92456925884689160321 i,
1.8946622584788522007 + ©.5119200060193428023 1,
1.8946622584788522007 - ©.5119200060193428023 1}

In[1203]:=
X /. NSolve[f == 9, x, 20]
Out[1203]=
{-3.6108679416295143647, -0.08922828766409501836 - 0.92456925884689160321 i,
-0.08922828766409501836 + 0.92456925884689160321 i,
1.8946622584788522007 - ©.5119200060193428023 1,
1.8946622584788522007 + ©.5119200060193428023 1}
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§6 RimICEH->TWAIOTIA

With this definition, the MAPLE procedure is:
quintic := proc (pol);
x = op (indets (pol);
t := coeff(pol, x,4) /coeff (pol, z, 5) /5;
f := primpart (subs (x=x-t.pol)):
D :=disciim(f, z);
for i fiom 2 to b5 do ay:=coeff(f,&,5—1) od;
fi0 := factor ( { Equation 5 ) , D'/?);
if not type( fio,* * ‘) then RETURN ("the quintic is not solvable”) fi;
(f1, f2) ==0p (fi0);
eq = coeff(fi + fa,8,1); €5 :=coeff(fi + f2,s,0);
do := /5 -coeff(fi — f2,5,3); da:= V5 coeff(fL — fa, s,2);
d4 = \/g . COt‘ff(f[ — fQ._, S, l), dg, = \/E~ COEff(fl = fg._ S, O)
if dgf2—-5a9/2=0
and 125ds/2+125e5—25dyas/4—THdyas/4—125asa4/2—375a5/2 =10
then do = —dy; dg = —ds; dy = —dy; ds:=—ds; 1
hi = —ds/2 —5ay; hg:=—5d3/2 —25a3/2;
ho :=125d5/2 + 125e5 — 25d3az/4 — T5dy a3 /4 — 125 aza3/2 — 375 a5/ 2;
hy:=25dy/2+ 15e4/2 — 15d3a2/2 — 40 a4 — 5 a2/2;
if hy=0 then wy:= hé’m; g i=0; di=hs

else d:=/h3—4h}; = ((—h+d)/2)Y5 ug:=hifuy; £

w = (=26 — 10+ v/5 — 1)/4;
ug == (hyui — hau)/d; wug:= (haui — hyul)/d;

result:=
—t + (w1 + w2 + uz +uq) /5,
—t+(wup+wius+wdug+wiuy) /b, —t+(Wu+wug+wus+wiuy)/5,
—t 4 (w? us + w vz + w ua + w2 ug) /5, —t+ (Wi +wd us+ P uatw uyg)/5
end;

FOTOISLEBAYTOISLT, ZOMICYTTOISILANVNONRETY, &6, FEEHCADT S
R EFE 15 R AR EAELCTOY I L (solveQuinticProgramVer2) 79 FLTHY, ZNTHEI TIC
1IMLUAICRRIIKREZDT, ZOEVEOAT (FormulaA) Z#E->-707I4EF (DEEEL DO
L) ENBVWERBWVET, 0TI TRIDRBSLVEDOAREBNLENEETTT. BEAHKD
BBICBELTI B d;, ¢ ZFESH ? IEWSERRINERIVETA, TNIZEILTIE [MolienSeries.nb |
BEA, £, ZOMICBEOAI(FormulaB)BIEYELTE. 2556(4 FormulaB.nb 2B AL,



